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al entropyof X and the empiri
al entropy of X given Y respe
tively. Both are estimatedfrom DSel . 414.6 The TREE approa
h to estimation of the joint probability distribution atgeneration l. 424.7 Graphi
al representation of the probability models proposed by EDAs withpairwise dependen
ies. 434.8 Graphi
al representation of the probability models proposed by EDAs withmultiple dependen
ies. 454.9 EBNA basi
 s
heme. 454.10 EGNA basi
 s
heme. 48xi



xii Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Models5.1 Proposed modelization pro
ess for ea
h dataset. We start from the 
lass pre-di
tions of Ma
hine Learning indu
ers for the test instan
es. Let assume thatN is the number of instan
es in test set, from whi
h the Bayesian network isindu
ed. 545.2 Simpli�ed Bayesian network for the Breast 
an
er domain. 545.3 Simpli�ed Bayesian network for the Cleveland domain. 556.1 In this 3-feature (F1,F2,F3) problem, ea
h individual in the spa
e representsa feature subset, a possible solution for the FSS problem. In ea
h individual,a feature's re
tangle being �lled, indi
ates that it is in
luded in the subset. 636.2 Summarization of the whole FSS pro
ess for �lter and wrapper approa
hes. 666.3 FSS-EBNA method. 676.4 Internal and external loop a

ura
y values in FSS-EBNA for di�erent trainingsizes withWaveform-40 dataset and NB algorithm. The internal loop a

ura
y10-fold 
ross-validation is multiple times repeated until the standard deviationof the a

ura
y estimation drops below 1%. Dotted-lines show the internal-loop a

ura
y estimation and solid-lines the external-loop one. Both loopa

ura
ies for the best solution of ea
h sear
h generation are represented. `0'represents the initial generation of the sear
h. 706.5 Relations between relevant 
on
epts to estimate a reliable Bayesian network. 767.1 FW-EBNA method. 88



List of Tables

2.1 An overview of the needed dataset for Supervised Classi�
ation task. 52.2 Details of experimental domains. C: 
ontinuous. N: nominal. 113.1 Variables (Xi), number of possible values of variables (ri), set of variableparents of a variable (Pai), number of possible instantiations of the parentvariables (qi). 226.1 Details of small and medium dimensionality experimental domains. 716.2 A

ura
y per
entages of the NB 
lassi�er on real datasets without featuresele
tion and using the �ve FSS methods. The last row shows the averagea

ura
y per
entages for all six domains. 726.3 Cardinalities of �nally sele
ted features subsets for the NB 
lassi�er on realdatasets without feature sele
tion and using the �ve FSS methods. It must betaken into a

ount that when no FSS is applied to NB, it uses all the features. 736.4 Mean stop-generation for GAs and FSS-EBNA. The standard deviation of themean is also reported. The initial generation is 
onsidered to be the zerogeneration. 746.5 Number of generations needed on average (and their standard deviation) byFSS-GA-o, FSS-GA-u and FSS-EBNA to dis
over the optimum feature subsetin arti�
ial domains. The initial generation is 
onsidered as generation zero. 756.6 Details of large-dimensionality experimental domains. 766.7 A

ura
y per
entages of the NB 
lassi�er on real datasets without featuresele
tion and using FSS-GA-o and FSS-GA-u. The last row shows the averagea

ura
y per
entages for all six domains. 776.8 A

ura
y per
entages of the NB 
lassi�er on real datasets using FSS-PBIL,FSS-BSC, FSS-MIMIC and FSS-TREE. The last row shows the average a

u-ra
y per
entages for all six domains. 786.9 Cardinalities of �nally sele
ted feature subsets for the NB 
lassi�er on realdatasets without feature sele
tion and using FSS-GA-o and FSS-GA-u. Itmust be taken into a

ount that when no FSS is applied to NB, it uses all thefeatures. 786.10 Cardinalities of �nally sele
ted features subsets for the NB 
lassi�er on realdatasets using FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE. 78xiii



List of Tables i6.11 Mean stop-generation for FSS algorithms. The standard deviation of the meanis reported. The initial generation is 
onsidered to be the zero generation. 796.12 Average CPU times (in se
onds) for the indu
tion of di�erent probabilisti
models (standard deviations are nearly zero) in ea
h generation of the EDAsear
h. The last 
olumn shows the average CPU time to estimate the predi
tivea

ura
y of a feature subset by the NB 
lassi�er. 796.13 Number of generations needed on average (and their standard deviation) byFSS-GA-o, FSS-GA-u, FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE todis
over a feature subset that equalizes or surpasses the estimated a

ura
ylevel of the feature subset whi
h indu
es the domain. The initial generation is
onsidered to be the zero generation. 807.1 Details of experimental domains. 897.2 A

ura
y per
entages of the Nearest Neighbor algorithm using the 5 FWmeth-ods shown and without FW. The standard deviation of the estimated per
ent-age is also reported. 907.3 Mean stop-generation for FW-GA-o, FW-EBNA and FW-EGNA. The stan-dard deviation of the mean is also reported. The initial generation is 
onsideredto be the zero generation. 917.4 Average CPU times (in se
onds) for the indu
tion of di�erent probabilisti
models (standard deviations are nearly zero) in ea
h generation of the EDAsear
h. The last 
olumn shows the average CPU time to estimate the predi
tivea

ura
y of a feature weight set. 92





Chapter 1Introdu
tion

Empiri
al Learning is `a

omplished by reasoning from externally supplied examples to produ
egeneral rules' (Dietteri
h and Shavlik, 1990). Closely related to Empiri
al Learning, the Ma
hineLearning dis
ipline tries to 
onstru
t 
omputer programs (or learning programs) that, starting froma set of examples, automati
ally produ
e the desired general rule. The basi
 sour
e of this pro
essis the set of examples (or training experien
e), that is, the input of the Ma
hine Learning program.An example des
ribes the basi
 entity of the reality to be studied, a part of a known experien
e,su
h as a medi
al patient, a 
redit request or a handwritten letter. A feature des
ribes a spe
i�

hara
teristi
 of an example, su
h as the output of a medi
al test, the age of the 
redit requester orthe width of the handwritten letter.In Supervised Classi�
ation, whi
h 
an be 
onsidered as a sub�eld of Ma
hine Learning, everyexample has a spe
ial feature, known as the 
lass label, whi
h des
ribes the value of the phenomenomof interest, i.e., the diagnosti
 of the medi
al patient, the possible fraud of the 
redit requester orthe spe
i�
 letter of the handwritten 
hara
ter. It 
an be 
onsidered that the 
lass label of ea
hexample is provided by a supervisor or tea
her. Unsupervised Classi�
ation (Pe~na, 2001) dealswith the dis
overing of the underlying group stru
ture when the true 
lass label membership of thesupplied examples is unknown.In Supervised Classi�
ation, the task of a learning algorithm is to learn a general rule (or 
lassi-�er). Starting from the dataset of labelled examples, the 
lass label supervises the indu
tion pro
essof the 
lassi�er, whi
h is used in a se
ond step to predi
t, the most a

urately as possible, the 
lasslabel for further unlabelled examples. Thus, a bet is performed, 
lassifying the unlabelled examplewith the label that the 
lassi�er predi
ts for it.The following real medi
al example (Inza et al., 2001d) 
ould aid to understand the role ofthe Supervised Classi�
ation. The problem is ta
kled with su

ess in 
onjun
tion with a groupof physi
ians from the Basque Health Servi
e - Osakidetza and the University Clini
 of Navarra.The Transjugular Intrahepati
 Portosystemi
 Shunt (TIPS) is an interventional treatment for 
ir-rhoti
 patients. In the light of our medi
al sta�'s experien
e, the 
onsequen
es of TIPS are nothomogeneous for all the patients and a subgroup of them dies in the �rst months after the TIPSpla
ement.The training experien
e of our study arises from a prospe
tive study whi
h results in a set of 107examples-patients with liver 
irrhosis who underwent TIPS from May 1991 to September 1998 inthe University Clini
 of Navarra. Ea
h example is 
hara
terized by 77 features (or medi
al �ndings)1



2 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelsthat arise from the history of the patient, results of laboratory tests, Doppler sonography, endos
opy,hemodinami
 parameters and angiography. Taking into a

ount that the average waiting time ona list for a liver transplant at the University Clini
 of Navarra is approximately six months, it wasde
ided that the 
lass label should re
e
t whether the patient died in the �rst six months after thepla
ement of the TIPS or not. In this way, based on the input dataset of 107 examples, the outputof a supervised learning algorithm is a 
lasssi�er whi
h predi
ts the survival within six monthsafter the TIPS pla
ement. This 
lassi�er 
an be used to aid physi
ians in the de
ision to 
hoose a
irrhoti
 patient for liver transplantation.1.1 Overview of the dissertationThis dissertation is 
omprised of seven 
hapters. Chapter 2 formalizes Supervised Classi�
ation,introdu
ing its basi
 
on
epts and terminology. The algorithms and datasets used in the dissertationare des
ribed, 
oupled with the employed a

ura
y estimation methods.Probabilisti
 graphi
al models are presented in Chapter 3. Spe
ial emphasis is put on Bayesiannetworks, whi
h are more used in the dissertation than Gaussian networks, the other graphi
almodel used in this work. Spe
ial attention is paid to the s
ore+sear
h pro
edure to indu
e graphi
almodels, reviewing the prin
ipal s
ore metri
s and sear
h me
hanisms. Other related issues are alsodes
ribed, su
h as the 
onditional independen
e 
on
ept and the simulation pro
ess. The existingliterature dedi
ated to probabilisti
 graphi
al models is reviewed.Chapter 4 presents the novel EDA (Estimation of Distribution Algorithms) paradigm, 
loselyrelated with the Probabilisti
 Graphi
al Model topi
 introdu
ed in the previous 
hapter. The prin-
ipal motivations that generate the birth of the EDA paradigm are exposed, so related with Geneti
Algorithms. Prin
ipal approa
hes for dis
rete and 
ontinuous domains are reviewed, organizing theapproa
hes with respe
t to the order of the intera
tions 
overed among problem variables.Chapter 5 shows how Bayesian networks 
an be used to study the nature of the 
lassi�
ationmodels indu
ed by a set of Supervised Classi�
ation algorithms. Bayesian networks, and its asso
i-ated 
onditional independen
e 
on
ept, make possible to perform this study in a joint manner, basedon the 
lass label predi
ted by the 
lassi�ers. The study is performed in a set of eleven medi
alsupervised domains.Chapter 6 presents and experimentally evaluates the appli
ation of the EDA paradigm to solvethe well known Feature Subset Sele
tion task in domains of di�erent dimensionalities. Di�erent EDAapproa
hes (from univariate probabilisti
 models until Bayesian networks) are proposed, dependingon the dimensionality of the studied domain. The basi
 
omponents of the Feature Subset Sele
tionproblem are studied and the prin
ipal existing literature works are reviewed. The `over�tting'problem is studied in depth, whi
h has a large impa
t in Feature Subset Sele
tion task with domainsof few examples. The 
apability of EDA inspired approa
hes is 
ompared with sequential sear
hengines and Geneti
 Algorithms in a set of natural and arti�
ial domains.Chapter 7 shows how Bayesian and Gaussian networks are used, within the EDA paradigm, tosolve the Feature Weighting task for the Nearest Neighbor supervised algorithm. A large survey ofprevious approa
hes in the �eld is 
arried out. An empiri
al evaluation of our proposal is in
luded,performing a 
omparison with sequential sear
h engines and Geneti
 Algorithms in a set of naturaland arti�
ial domains.Finally, Chapter 8 lists the main 
ontributions of this dissertation, 
oupled with future lines ofwork also exposed in the �nal part of ea
h 
hapter.After the list of all the literature referen
es of the dissertation, an index is in
luded. The indexen
loses the prin
ipal topi
s of the dissertation. For ea
h 
on
ept of the index, the page where it



Introdu
tion 3appears for the �rst time is referen
ed. Ea
h 
on
ept is also referen
ed when it a
tively parti
ipatesin the explained issue.





Chapter 2The Supervised Classi�
ation Task

2.1 Overview of the 
hapterIn this 
hapter the prin
ipal 
omponents and 
hara
teristi
s of the supervised 
lassi�
ation taskare formalized. First, the prin
ipal motivations for the birth of the Ma
hine Learning paradigmare exposed, 
oupled with its ante
esors: Dis
riminant Analysis and Logisti
 Regression. Then,Ma
hine Learning 
lassi�ers and datasets used in this dissertation are presented. The 
hapteris �nished with a se
tion about a

ura
y estimation te
hniques, where the employed validationte
hniques and statisti
al tests are studied more in depth.2.2 De�nitions and terminologyThe main task in Supervised Classi�
ation is the appli
ation of a learning algorithm (or in-du
er) to obtain a 
lassi�er (or 
lassi�
ation model) (Kohavi, 1995d). The learning algorithm needsa dataset of labelled N examples (or instan
es), E = fe1; :::; eNg, ea
h one 
hara
terized by n de-s
riptive features (attributes or variables), X = fX1; :::; Xng, and the 
lass label, C = f
1; :::; 
Ng,to whi
h they belong, where the 
lass label of ea
h instan
e is part of a dis
rete set of R values:
j 2 f
1; : : : ; 
Rg. The learning algorithm uses the set of labelled examples to indu
e a 
lassi�erwhi
h will be used to 
lassify unlabelled examples. An overview of the needed dataset of 
ases 
anbe seen in Table 2.1.A stru
tured supervised learning algorithm is able to indu
e a 
lassi�er, whi
h 
an be seen as afun
tion that maps an unlabelled example to a spe
i�
 
lass label. Nowadays, this pro
ess 
an be
Table 2.1. An overview of the needed dataset for Supervised Classi�
ation task.X1 : : : Xn Ce1 x11 : : : xn1 
1e2 x12 : : : xn2 
2: : : : : : : : : : : : : : :eN x1N : : : xnN 
N5



6 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelsdone automati
ally by a 
omputer program (Mit
hell, 1997). In order to asses the quality of theindu
ed 
lassi�er, the following 
on
epts are usually taken into a

ount:the a

ura
y of the 
lassi�er asses its ability to 
orre
tly predi
t the 
lass label of unlabelledexamples;the 
omputational 
ost or 
omputer speed of the learning algorithm to indu
e the 
lassi�er;the 
omprehensibility and interpretability of the 
lassi�er to humans. This 
hara
teristi
 ishighly desired in some domains: for instan
e, in medi
al environments, where the reliability ofthe medi
al sta� with respe
t to the 
lassi�er is judged as 
ru
ial;the simpli
ity and 
ompa
tness of the 
lassi�er are 
hara
teristi
s related with the previousone. However, both ideas must not be 
onsidered as equal: although a Naive Bayes 
lassi�er(see Se
tion 2.4) indu
ed with 3 variables 
an be 
ompa
t, its 
omprehensibility of 
onditionalprobabilities and independen
e 
on
epts 
ould not be 
omprehensible for 
ertain experts nothabitu�e with probability 
on
epts. In this way, two statisti
al 
on
epts, the O

am's Razor andKISS (`Keep It as Simple as possible Stupid') (Kohavi, 1995d), are related with the desiredproperty of the preferen
e for simple 
lassi�ers, when other 
hara
teristi
s 
an not make ade
ision to sele
t among several 
lassi�ers.The 
on
epts and de�nitions exposed in this se
tion 
an be presented and extended in severalways. Depending on the spe
i�
 
lassi�
ation task, the literature presents other ideas. However, asthe exposed 
on
epts 
ould be the 
ore of the Supervised Classi�
ation, it will be used for the restof this dissertation.2.3 Statisti
-based paradigmsThrough the history of Supervised Classi�
ation, the �rst supervised learning algorithms wereheavily in
uen
ed by Statisti
s. The 
onstru
tion of this family of 
lassi�ers is also based on theidea of maximizing the likelihood of the data, given the 
lassi�er. Prior hypothesis were takeninto a

ount about the data distribution and the free-parameters of the 
lassi�er for its 
onstru
-tion. Thus, these learning algorithms have a profound theoreti
 and Statisti
s basis. Dis
riminantAnalysis and Logisti
 Regression are the most known examples of this kind of algorithms.Dis
riminant Analysis (Fisher, 1936) 
onstru
ts a linear 
ombination of the predi
tive featuresto indu
e a 
lassi�er whi
h separates between 
lasses. The 
lassi�er is 
onstru
ted under theassumption that ea
h feature follows a normal probability distribution. The indu
ed 
lassi�er
an be seen as a n-dimensional hyperplane. Although the assumption of normality and the
lasses of many real problems are not separable by an hyperplane and a non-linear 
ombinationof the features is needed, it has demonstrated a good 
lassi�
ation a

ura
y in many tasks. In a2-
lass problem, its general formula whi
h dis
riminates between both 
lasses has the followingform: w1X1 + w2X2 + :::+ wnXn � w0where ea
h 
onstant value wi assesses the dis
riminatory power of the i-th feature and w0 isanother 
onstant value. Coupled with this pro
ess, a sele
tion of features is performed (Inzaet al., 2001b), eje
ting a subset of features from the 
lassi�er. In a problem with more than two
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lasses, an hyperplane must be 
onstru
ted for ea
h 
lass pair or the whole problem must bereformulated as a 2-
lass problem;the Logisti
 Regression (Hosmer and Lemeshow, 1989) arises as an alternative 
lassi�er whi
h isnot based on the normality assumption of Dis
riminant Analysis. Logisti
 Regression is basedon the next formula for a 2-
lass problem:P (C = 
ijX1 = x1; :::; Xn = xn) = 11 + e�b0+Pni=1 bixiwhi
h estimates the probability of a new example belongs to 
lass 
i. Maximum likelihoodestimation is used to 
al
ulate the bi 
onstant values. Closely related with Dis
riminant Anal-ysis, Logisti
 Regression also uses an hyperplane expression to separate between 2 
lasses. Inthe statisti
al literature several di�erent pro
edures have been suggested for variable sele
tionin Logisti
 Regression. The most well known are based on forward sele
tion and ba
kwardelimination, together with some kind of de
ision rule for the number of variables (Urban, 1994).2.4 Se
ond-generation paradigms: Ma
hine LearningIn the 80s and 90s there has been a big growth in the a

umulation of information in E
onomi
,Marketing, Finan
e, et
. databases. The larger size of this databases inspired a set of te
hniquesthat are grouped under the Ma
hine Learning term and that dis
over and extra
t knowledge ina more automated way than 
lassi
al Statisti
-based paradigms. These te
hniques use a `data-driven' pro
ess in the sense that less emphasis is put on prior hypothesis about data probabilitydistribution and 
lassi�er's free parameters than is the 
ase with 
lassi
al Statisti
-based paradigms.By approa
hing an analysis as a sear
h for knowledge, rather than to test a hypothesis about thenature of the data, the dis
overy of previously unknown relationships in the data is the 
ore of thepro

es for the indu
tion of the 
lassi�er.In order to 
onstru
t a 
lassi�
ation model, this kind of paradigms make assumptions, whi
hare 
alled biases in Ma
hine Learning. By approa
hing the analysis as a sear
h for knowledge, onerequires to shrink or prune the sear
h spa
e. Indu
tion without bias is imposible, it is the sineque non 
ondition for indu
tion (Dutton and Conroy, 1996). Apart from the data, biases are theprin
ipal builders of the 
lassi�
ation models. Mit
hell (Mit
hell, 1982) resumes the need of biases inMa
hine Learning in the following form: Although removing all biases from a generalization systemmay seem to be a desirable goal, in fa
t the result is nearly useless... An unbiased system is onewhose inferen
es logi
ally follow from the training instan
es, whereas 
lassi�
ation of new instan
esdo not logi
ally follow from the 
lassi�
ation of the training instan
es. In this way, the de�nition ofbiases of existing algorithms and how to �nd out when a bias is appropiate are 
ru
ial question forMa
hine Learning resear
hers. Biases 
an be divided into two types (Kohavi, 1995d):restri
ted spa
e bias: this bias assumes that the 
lassi�er belongs to some restri
ted spa
e of
lassi�
ation models, typi
ally de�ned in terms of their representation. For example, mostde
ision tree algorithms (see Se
tion 2.4) restri
t the spa
e of 
onsidered 
lassi�ers to the spa
eof �nite trees with univariate splits in its nodes, assuming that 
lasses are separated by linesegments parallel to the 
oordinate axes;preferen
e bias: this bias pla
es a preferen
e ordering on the 
onsidered 
lassi�
ation models.Many times the preferen
e ordering is de�ned by how the sear
h through the spa
e of 
lassi�
a-tion models is 
ondu
ted. Most preferen
e biases attempt to minimize some measure of synta
ti

omplexity, following O

am's Razor prin
iple of preferring simpler 
lassi�ers.



8 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsThe literature is plenty of algorithms that propose di�erent biases to 
onstru
t the 
lassi�er.Dis
overing new learning algorithms (or versions thereof) has o

upied mu
h of the resear
h of thepast de
ade in Ma
hine Learning with reasonable su

ess. However, mu
h remains to be learnedabout what makes a parti
ular algorithm work well (or not) in a parti
ular domain.Regarding this large amount of available algorithms, the user is frequently fa
ed with the problemof sele
ting the ideal algorithm for a spe
i�
 
lassi�
ation task, trying to sele
t the learning algorithmwhi
h biases are best suited to the data. The ambitious obje
tive of generating and sele
ting aunique winner algorithm for all datasets has been reje
ted by the empiri
al eviden
e of the `NoFree Lun
h Theorem' (Kohavi and John, 1997). In the next lines we present the Ma
hine Learningalgorithms that are used in this dissertation. Although several details are left for future 
hapters,more emphasis will be put on the algorithms that will be more frequently used in this dissertation.The basi
 lines of the prin
ipal families of algorithms will also be explained. As a depth study aboutthese algorithms is out of the obje
tives of this dissertation, other 
lassi
 works in Ma
hine Learningare re
ommended (Mit
hell, 1997) (Mi
halski et al., 1998). This is the list of the algorithms:ID3 (Quinlan, 1986) 
lassi�
ation tree algorithm. De
ision trees 
lassify instan
es by sortingthem down the tree from the root to some leaf node, whi
h provides the 
lassi�
ation of theinstan
e. Ea
h node of the tree performs a test over the value of a spe
i�
 attribute. Aninstan
e is 
lassi�ed by starting at the root node of the tree, testing the attribute spe
i�ed bythis node, until a leaf node is rea
hed. The gain-ratio measure, inspired in the InformationTheory of Shannon (Shannon, 1948), is used to sele
t the attribute whi
h performs the split inea
h node of the tree. It does not in
orporate a post-pruning strategy in the 
onstru
tion of thetree and it tries to 
onstru
t leaves with instan
es of an unique 
lass (in spite of very few traininginstan
es appear in the leaves). ID3 in
orporates a pre-pruning strategy, using the 
hi-squarestatisti
 to guarantee a minimum 
orrelation between the proposed split-attribute and the 
lass;C4.5 algorithm (Quinlan, 1993) is inspired in ID3. In 
ontrast to ID3, C4.5 
arries out a post-pruning phase, based on the error-based-pruning algorithm, whi
h repla
es a node by one of its
hildren if the a

ura
y of the 
hild is 
onsidered better. It is usually employed in the literatureas a referen
e algorithm to perform 
omparisons with novel supervised algorithms;OC1 
an be 
ategorized as an oblique de
ision tree algorithm (Murthy et al., 1994). By the
ombination of deterministi
 hill-
limbing with two forms of randomization, OC1 builds anhyperplane (
onsidering all the features) at ea
h tree node to perform a split. It also in
orporatesa post-pruning strategy;HOODG builds oblivious graphs bottom-up (Kohavi, 1995a). It 
an be seen like a de
ision treethat tests the same single attribute in all the nodes of the same level. It is 
oupled with featuresubset sele
tion and dis
retization of data. Oblivious graphs try to over
ome the repli
ation andfragmentation problems (Kohavi, 1995d), inherent to de
ision trees;T2 (Auer et al., 1995) builds the two level de
ision tree that minimizes the number of errors inthe training set and it is inspired in the PAC-learning theory (Valiant, 1984). This algorithm is
ategorized in the literature under the `simple de
ision tree' term (Auer et al., 1995);OneR (Holte, 1993) is another `simple de
ision tree' algorithm inspired in O

am's razor andPAC-learning theory. It 
omputes the one-level de
ision tree that minimizes the number of errorsin the training set;



The Supervised Classi�
ation Task 9Naive Bayes (NB) (Cestnik, 1990) learning algorithm uses a variation of the Bayes rule to predi
tthe 
lass for a test instan
e, assuming that features are independent to ea
h other for predi
tingthe 
lass. NB applies the following rule:
NB = argmax
j2C p(
j) nYi=1 p(xij
j)where 
NB denotes the 
ategory value predi
ted by the NB 
lassi�er for a test instan
e. Theprobability for dis
rete features is estimated from data using maximum likelihood estimationand applying the Lapla
e 
orre
tion. A normal distribution is assumed to estimate the 
lass
onditional probabilities for 
ontinuous attributes. Unknown values in the test instan
e areskipped. Although its simpli
ity and its independen
e assumption among variables, the literatureshows that the NB 
lassi�er gives remarkably high a

ura
ies in many domains (Langley andSage, 1994), spe
ially in medi
al ones. Many resear
hers think that the su

ess of the NB rule isbased on the idea that do
tors, in order to make a diagnosis, 
olle
t the attributes in the sameway as the NB rule uses them to 
lassify: that is to say, independently with respe
t to the 
lass(Inza et al., 2001d);Naive-Bayes Tree (NBTree) algorithm (Kohavi, 1996) 
ombines the ideas of de
ision trees andNB, exe
uting NB at the leaves of an univariate-split de
ision tree. Normalized mutual-information(Shannon, 1948) is used to sele
t split attributes in tree nodes and no post-pruning strategy isemployed. Cross-validation is employed to de
ide when the tree expansion is terminated and theNB rule is applied;IB1 (Aha et al., 1991) is an instan
e based indu
er that uses homogeneous weights for all at-tributes to 
ompute the dissimilarity fun
tion, assuming that all features have the same relevan
eto de�ne that 
lass. The overlap metri
 (Salzberg, 1991) is used for symboli
 features and the Eu-
lidean metri
 for 
ontinuous ones. A 1-NN (Nearest Neighbor) s
hema is employed, predi
tingfor a test instan
e the 
lass of its nearest instan
e in the training set;IB4 (Aha et al., 1991) is the su

essor of IB1, in
orporating a weight learning 
apability: di�erentweights are 
omputed for ea
h feature, a

ording to its relevan
e, assuming that all featuresshould not have the same importan
e to de�ne that 
lass. IB4 assigns weights to features in the[0; 1℄n 
ontinuous weight spa
e by means of a hill-
limbing, sequential, in
remental and on-linestrategy, with only one pass through the training data;PEBLS is an instan
e based indu
er (Cost and Salzberg, 1993) that in
orporates the MVDMdistan
e metri
 to deal with symboli
 features, a modi�
ation of the VDM (Stan�ll and Waltz,1986) metri
. It also atta
hes weights to the training instan
es a

ording to their performan
ehistory. PEBLS was inspired on the need of a spe
ial distan
e metri
 to deal with Mole
ularBiology extra
ted features;Table-Majority is based on de
ision table paradigm (Kohavi, 1995
), storing a table of all in-stan
es and predi
ting a

ording to it. If an instan
e is not found, it predi
ts the majority 
lass.As for HOODG, to make the algorithm useful, it is 
oupled with feature subset sele
tion anddis
retization of data. Given an unlabelled test instan
e, Table-Majority predi
ts the majority
lass of the training set instan
es whose values on the sele
ted set of features mat
h the testinstan
e; if no instan
es are found, the 
lassi�er `gives up' and predi
ts the majority of the wholetraining set;
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsCN2 (Clark and Nibblet, 1989) indu
es a set of ordered IF-THEN de
ision rules. The 
onditionof the rule appears in the IF part of the rule. The 
lass predi
ted for the unlabelled examples thatmat
h the 
ondition (IF) part appears in the THEN part of the rule. To 
lassify a test example,ea
h rule is tried in order until one is found whose 
onditions are satis�ed by the example being
lassi�ed. When the example does not mat
h any rule, the most frequent 
lass in the training setis assigned for it: this a
tion is known as the `default-rule'. Although CN2 does not in
orpore a
lassi
 post-pruning me
hanism as C4.5, the rules are generated and expanded by the supervisionof statisti
al tests that guarantee their signi�
an
e degree (pre-pruning me
hanism);Ripper (Cohen, 1995) is an IF-THEN de
ision rule algorithm, similar to CN2. Apart from otherminor variations, its major apportation with respe
t to CN2 is that Ripper post-prunes thegenerated rules by the error-based-pruning te
hnique employed in C4.5 (Quinlan, 1993).2.5 DatasetsIn order to evaluate the 
laims and 
ontributions that will be made in this dissertation, anextensive group of ben
hmark datasets is needed. The datasets are independently sele
ted and they
ome from very di�erent areas of the reality. The datasets have an interesting balan
ed 
overage ofa wide range of statisti
al 
riteria: number of 
ases, frequen
y of missing values, level of noise, 
lassdistribution, real nature of the domain, number of attributes, number of 
lasses, et
. All real-worldsele
ted datasets, ex
ept Cloud (Aha and Bankert, 1994) domain, 
ome from the UCI repository(Murphy, 1995), whi
h is 
onsidered the prin
ipal referen
e for the ele
tion of datasets for Ma
hineLearning 
omparisons. All of them are well known datasets with a long tradition in Ma
hineLearning studies. Resear
hers have a
tively 
ontributed to 
ompile the near 120 domains that formthe repository, 
overing wide areas of the reality and many di�erent statisti
al 
hara
teristi
s. The
hara
teristi
 features of the domains are summarised in Table 2.2.Both real-world and arti�
ial datasets are in
luded in the di�erent 
omparisons of this disser-tation. Kohavi (1995d)(Kohavi, 1995d) resumes the need of this duality for Ma
hine Learning
omparisons in the following form: Arti�
ial domains are useful be
ause they allow us to vary pa-rameters, understand the spe
i�
 problems that algorithms exhibit, and test 
onje
tures. Real-worlddomains are useful be
ause they 
ome from real-world problems that we do not always understandand are therefore a
tual problems on whi
h we would like to improve performan
e. In this way, theapparition of arti�
ial datasets are 
losely related with the hypotheses and 
onje
tures of a spe
i�

omparison. Following these ideas, it is prefered to introdu
e the prin
ipal 
hara
teristi
s of thearti�
ial datasets when their spe
i�
 
omparison is performed.The following paragraphs provide a short des
ription of the nature and reality aspe
ts 
overedby ea
h domain.E
ho
ardiogram dataset's task is to predi
t whether a patient survived for at least one yearfollowing a heart atta
k (Clark and Boswell, 1991). The most diÆ
ult part of this problem is
orre
tly predi
ting that the patient will not survive (part of the diÆ
ulty seems to be the sizeof the data set);Lymphography dataset is obtained from the University Medi
al Centre, Institute of On
ology,Ljubljana, Slovenja. Thanks go to M. Zwitter and M. Sokli
 for providing the data. The task is todistinguish between patient that are healthy and those with metastases or malignant lymphoma;



The Supervised Classi�
ation Task 11Table 2.2. Details of experimental domains. C: 
ontinuous. N: nominal.Domain Number of instan
es Number of features Number of 
lassesE
ho
ardiogram 131 6 C, 1N 2Lymphography 147 19 N 4Hepatitis 155 6 C, 13 N 2Glass 214 9 C 7Audiology 226 69 N 24Heart disease 270 6 C, 7 N 2Breast 
an
er 286 9 N 2Hungarian 294 6 C, 7 N 2Cleveland 303 6 C, 7 N 2Liver (BUPA) 345 6 C 2Ionosphere 351 34 C 2Horse-
oli
 368 7 C, 15 N 2Arrhythmia 452 279 C 16Soybean-large 683 35 N 19CRX 690 6 C, 9 N 2Breast 
an
er (Wis
onsin) 699 10 C 2Diabetes (Pima) 768 8 C 2Vehi
le 846 18 C 4Anneal 898 9 C, 29 N 6Contra
eptive 1,473 4 C, 5 N 3Cloud 1,834 204 C 4Image 2,310 19 C 7Si
k-euthyroid 3,163 7 C, 18 N 2Hypothyroid 3,163 7 C, 18 N 2DNA 3,186 180 N 3Internet advertisements 3,279 3 C, 1,555 N 2Spambase 4,601 57 C 2Hepatitis dataset's task is to predi
t whether a patient will die from hepatitis. It has a moderatenumber of missing values 
ompared to the size of the dataset and the number of attributes.Close to 80% of the data are the `alive' patients' re
ords;Glass identi�
ation dataset represents the measurements of 
hemi
al 
ompounds extra
ted fromthe glass. The study of 
lassi�
ation of types of glass was motivated by 
riminologi
al investiga-tion. The glass left at the s
ene of the 
rime 
an be used as eviden
e, if it is 
orre
tly identi�ed.The instan
e identi�er number of the original dataset is removed. The dataset has a skewed
lass distribution. Out of the total 214 instan
es, the 
lass that has highest number of instan
es
onstitutes 35:7% and the lowest 
onstitutes 4:2%;Audiology dataset is obtained from the Baylor College of Medi
ine. Thanks go to ProfessorJergen for providing the data. As ea
h example identi�es a patient, the 24 
lasses are diagnosesof hearing disorders;Heart disease dataset 
omes from the Cleveland Clini
 Foundation (USA) and was supplied byR. Detrano. It is a part of the Cleveland dataset and it was employed in the STATLOG proje
t(Mi
hie et al., 1994). The original Cleveland dataset 
ontains 303 examples but 6 of these
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 Graphi
al Models
ontained missing values and were dis
arding for Heart disease dataset. Other 27 exampleswere retained in 
ase of dispute, leaving the �nal total of 270. The original dataset Clevelanddataset has 76 attributes, but all published experiments refer to using a subset of 14 of them. It
ontains 
ardiologi
al diagnoses. As ea
h instan
e des
ribes a patient's medi
al data, the taskis to determine whether the patient su�ers from heart disease;Breast 
an
er dataset is obtained from the University Medi
al Centre, Institute of On
ology,Ljubljana, Slovenja. Thanks go to M. Zwitter and M. Sokli
 for providing the data. For about30% of patients that undergo a breast 
an
er operation, the illness reappears after 5 years: thusprognosis of re
urren
e is important. Thus, 2 possible 
lasses are `no re
urren
e' and `re
urren
e';Hungarian dataset was 
olle
ted at the Hungarian Institute of Cardiology, Budapest (Hungary).Thanks go to A. Janosi. It has the same 
lassi�
ation task and 
olle
ts features as Heart diseaseand Cleveland domains. As Cleveland domain, the original dataset has 76 attributes, but allpublished experiments refer to using a subset of 14 of them;Cleveland dataset 
omes from the Cleveland Clini
 Foundation (USA) and was supplied by R.Detrano. In previous paragraphs we have 
ited its relation with Heart disease and Hungariandatasets. Less than 2% of the total attribute values are missing in this dataset;Liver (BUPA) dataset was 
reated at BUPA Medi
al Resear
h Ltd. As ea
h instan
e des
ribesa male patient's medi
al data, the task is to determine whether the patient su�ers from liverdisorder, that might arise from ex
essive al
ohol 
onsumption. All ex
ept one attribute are bloodtests whi
h are thought to be sensitive to liver disorders;Ionosphere radar dataset was 
olle
ted by a system in Goose Bay, Labrador, USA. The system
onsists of a phased array of 16 high-frequen
y antennas with a total transmitted power onthe order of 6:4 kilowatts. The targets were free ele
trons in the ionosphere. The 
lasses ofthe problem are the following: `good' radar returns are those showing eviden
e of some type ofstru
ture in the ionosphere and `bad' returns are those that do not; their signals pass throughthe ionosphere;Horse-
oli
 dataset was 
reated by M. M
Leish and M. Ce
ile from the University of Guelph.The task is to determine whether a horse lesion is surgi
al. The features des
ribe whether thehorse had surgery, whether it is young or old, re
tal termperature, pulse, et
.;Arrhythmia dataset was 
reated by H. A. Guvenir, at Bilkent University, Turkey. The aim is todistinguish between the presen
e and absen
e of 
ardia
 arrhythmia and to 
lassify it in one ofthe 15 
lasses of arrhythmia;Soybean-large dataset's task is to diagnose soybean diseases. The 19 
lasses are des
ribed by 34features 
olle
ting leaf properties and various abnormalities. There is a 
onsiderable number ofmissing values;CRX dataset 
on
erns 
redit 
ard appli
ations. All attribute names and values have been
hanged to meaningless symbols to prote
t 
on�dentiality of the data. Both 
lasses labels are`yes' and `no'. The dataset is interesting be
ause there is a good mix of attributes (
ontinuous,dis
rete with small number of values, and dis
rete with larger number of values). There are alsoa few missing values;
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ation Task 13Breast 
an
er (Wis
onsin) dataset 
on
erns medi
al diagnosis applied to breast 
ytology. Thetask is to predi
t whether a breast tumour is benign or malignant. The dataset was 
olle
tedover a period of two and a half years by the University of Wis
onsin Hospitals, Madison, USA.Thanks go to Dr. W.H. Wolberg;Diabetes (Pima) dataset was 
olle
ted by the USA National Institute of Diabetes and Digestiveand Kidney Diseases. The task is to determine whether the patient shows signs of diabetesa

ording to World Health Organization Criteria. All patients are females who live near Phoenix,Arizona, USA. They are at least 21 years old and of Pima Indian heritage;Vehi
le dataset's purpose is to 
lassify a given silhouette as one of four types of vehi
le, usinga set of features extra
ted from the silhouette. The vehi
le may be viewed from one of manydi�erent angles. Thus, images were a
quired by a 
amera looking downwards at the modelvehi
le from a �xed angle of elevation (34:2 degrees to the horizontal). All images were 
apturedwith a spatial resolution of 128� 128 pixels quantised to 64 greylevels;Anneal dataset is donated by D. Sterling and W. Buntine. The dataset has 38 features and 898whi
h belong to a steel-domain supervised task. It has a 
onsiderable number of missing values;Contra
eptive dataset is donated by T.S. Lim and it is a subset of the 1987 National IndonesiaContra
eptive Prevalen
e Survey. The examples are married women who were either not preg-nant or do not know if they were at the time of interview. The problem is to predi
t the 
urrent
ontra
eptive method 
hoi
e (no use, long-term methods, or short-term methods) of a womanbased on her demographi
 and so
io-e
onomi
 
hara
teristi
s;Cloud dataset, provided by D.W. Aha and R.L. Bankert, was 
olle
ted at the US Naval Resear
hLaboratory and presents 
loud features and 
lassi�
ations (Aha and Bankert, 1994). Ea
hexample represents a 
loud belonging to one of eleven 
loud types;Image segmentation dataset instan
es were drawn randomly from a database of 7 outdoor 
olourimages. These were hand segmented to 
reate a 
lassi�
ation for every pixel as one of bri
kfa
e,sky, foliage, 
ement, window, path or grass. There were 19 features for ea
h 3 � 3 region, forexample summary measurements of 
ontrast in the verti
al and horizontal dire
tions;Si
k-euthyroid dataset was 
olle
ted at the Garavan Institute in Sidney, Australia. Its task is toidentify a patient as having si
k-euthyroid disease or not;Hypothyroid dataset was 
olle
ted at the Garavan Institute in Sidney, Australia, and it has thesame data format and attributes as Si
k-euthyroid. Thus, Hypothyroid task is to identify apatient as having hypothyroid disease or not;DNA domain is drawn from the �eld of Mole
ular Biology. Spli
e jun
tions are points on aDNA sequen
e at whi
h `super
uous' DNA is removed during protein 
reation. The task is tore
ognize exon-intron boundaries, referred to as EI sites; intron-exon boundaries, referred to asIE sites; or neither. The features of ea
h instan
e provide a window of 60 nu
leotides, ea
hrepresented as 3 binary indi
ator features that represent the value `a', `
', `g' or `t', thus giving180 binary features (using 0-1 
odi�
ation). The 
lassi�
ation is the middle point of the window,thus providing 30 nu
leotides at ea
h side of the jun
tion;Internet advertisements is donated by N. Kushmeri
k. The dataset represents a set of possibleadvertisements on Internet pages (Kushmeri
k, 1999). The features en
ode the geometry of the
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 Graphi
al Modelsimage (if available) as well as phrases o

uring in the URL, the image's URL and alt text, thean
hor text, and words o

uring near the an
hor text. The task is to predi
t whether an imageis an advertisement or not;Spambase dataset tries to identify the `spam' 
on
ept in personal e-mails: advertisements forprodu
ts/web sites, make money fast s
hemes, 
hain letters, pornography, unsoli
ited 
ommer
iale-mail... The dataset was 
reated by 
olle
ting a set of personal e-mails re
eived at Hewlett-Pa
kard Laboratories, Palo Alto, USA. The task is to determine whether a given email is spamor not. Most of the attributes indi
ate whether a parti
ular word or 
hara
ter was frequentlyo

uring in the e-mail.2.6 A

ura
y estimation: evaluating and 
omparing
lassi�
ation modelsA

ura
y estimation is fundamental in any Ma
hine Learning work (it is also known as modelvalidation). The evaluation of the performan
e of the learned 
lassi�
ation model is important:one reason for this is simply to understand whether to use the indu
ed model in the real life to
lassify new unlabelled 
ase. For instan
e, it is important to a

eptably assess the e�e
tiveness of aproposed Ma
hine Learning model in medi
al diagnosis (Mit
hell, 1997). In the same way, it is thekey and 
ru
ial feature in many Ma
hine Learning experimentations.The a

ura
y estimation, seen as the p parameter of a Bernouilli random variable (Y ! B(1; p)),has an intrinsi
 un
ertainty (Kohavi, 1994). This estimation is somewhat straighforward and has alow un
ertainty degree when data is plentyful. However, as we normally must estimate the a

ura
yof a learned model with a limited number of 
ases, we must have in mind the following two diÆ
ulties,inherit to a

ura
y estimation (Mit
hell, 1997):in testing the a

ura
y of a 
lassi�er, its error rate estimate tends to be biased if they areassesed from the same set of examples that was used to 
onstru
t the 
lassi�
ation model. Thisis espe
ially 
riti
 when the 
lassi�
ation algorithm 
onsiders a very large spa
e of possiblemodels, enabling it to over�t the training 
ases. To obtain an unbiased estimate of the a

ura
y,the 
lassi�er should be tested on a set of examples 
hosen independently of examples that builtit;the measured a

ura
y 
an still vary from the true a

ura
y, depending on the spe
i�
 makeupof the parti
ular test examples. This espe
ially 
riti
 when a small number of test examples isprovided: in this 
ase, the error rate estimate tends to have a large varian
e.The literature in
ludes plenty of works presenting di�erent a

ura
y estimation te
hniques, ex-possing their strenghts and weakness with respe
t to the previous bias and varian
e 
on
epts (Kohaviand Wolpert, 1996).Depending on the employed a

ura
y estimation method, the use of an hypothesis testing ap-proa
h enables us to determine the signi�
an
e degree of the estimated a

ura
y di�eren
e betweentwo algorithms.Although an a
tive debate exists within the Ma
hine Learning 
ommunity with respe
t to thebest estimation method and 
oupled hypothesis testing 
omparison (Dietteri
h, 1998), the questionremains unanswered.The resubstitution estimate and holdout methods are two 
lassi
 a

ura
y estimation pro
edures.Many estimation te
hniques are inspired on them. They work as follows:
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ation Task 15the resubstitution estimate pro
edure, also 
alled apparent a

ura
y, estimates the a

ura
y onthe same data used to 
onstru
t the 
lassi�er. As learning algorithms try to minimize it, thismeasure is a highly optimisti
 estimate of the a

ura
y. For learning pro
edures that perfe
tly�t the data, su
h as nearest-neighbor or de
ision trees withouth a pruning phase, the optimisti
bias is really high;the holdoutmethod, or test-sample estimation, randomly partitions the dataset into two mutuallyex
lusive subsets 
alled the training subset and the test subset, or holdout set. Usually 23 ofdata form the training subset and the rest 13 forms the test subset. Then, the learning algorithmis run using the training subset and the indu
ed 
lassi�er's a

ura
y is estimated on the testsubset. This measure is used as the a

ura
y estimate of the 
lassi�er built with the entiredataset. Random subsampling appears as an improvement of the holdout method: as the holdoutpro
edure is repeated k times, the estimated a

ura
y is derived by averaging the runs and thestandard deviation is estimated as the standard deviation of the a

ura
y estimations from ea
hholdout run.In spite of both methods are not employed in this dissertation, they are relevant to understandmore elaborate validation pro
edures. Although several details are left for future 
hapters, in thenext subse
tions the a

ura
y estimation methods and 
oupled hypothesis testing approa
hes thatare employed in this dissertation are presented.2.6.1 k-fold 
ross-validationIn k-fold 
ross-validation (Stone, 1974), the dataset is randomly split into k mutually ex
lusivesubsets (or folds) of approximately equal size. The supervised learning algorithm is trained k times:ea
h time, the training pro
ess is performed in k � 1 folds and testing in the remaining fold. Thek-fold 
ross-validation a

ura
y estimate is the average a

ura
y measure from these testing k folds.In the same way, the standard deviation of this average 
an be reported. The most 
ommon valuein the literature of the k parameter is 10. This value will be employed in this dissertation.A method to improve the quality of a 
ross-validation estimate is to repeat the exposed pro
essmultiple times. In this way, the intrinsi
 un
ertainty and standard deviation of the 
ross-validationestimate 
an be redu
ed. Although it is preferred to leave the details for further 
hapters, anheuristi
 based on this idea will be used in this dissertation. Another improvement of the 
ross-validation is the strati�ed 
ross-validation (Breiman et al., 1984), where the folds are strati�ed sothat they 
ontain approximately the same proportions of 
lasses as the original dataset.A parti
ular 
ase of k-fold 
ross-validation is the leave-one-out 
ross-validation error (LOOCE)pro
edure (La
henbru
h and Mi
key, 1968). In the LOOCE te
hnique, the learning algorithm is runk times, where k is the number of examples of the dataset. In this way, ea
h time k � 1 instan
esare used for training and the remaining example is used for testing, where ea
h 
ase is used onlyon
e for testing. The LOOCE estimate of a

ura
y 
an be also seen as the overall number of 
orre
t
lassi�
ations, divided by k, the number of 
ases in the dataset. LOOCE gives almost unbiaseda

ura
y estimations (La
henbru
h, 1967).In this dissertation, when the k-fold 
ross-validation pro
edure is used to estimate the a

ura
yof two algorithms in the same dataset, the k-fold 
ross-validates paired t test (Dietteri
h, 1998) isused to study the signi�
an
e degree of the a

ura
y di�eren
es between both algorithms. It worksas follows:Suppose that the dataset is divided into k disjoint sets of equal size, T1; T2; : : : ; Tk. We then
ondu
t k trials for learning algorithms A and B. In the i-th trial, the test set is Ti for both learning



16 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelsalgorithms and the training set if the union of all of the other Tj ; j 6= i. Let piA (respe
tively piB)be the observed proportion of test examples mis
lassi�ed by algorithm A (respe
tively B) duringtrial i. If we assume that the k di�eren
es pi = piA � piB are drawn independently from a normaldistribution, then a Student's t test 
an be applied, by 
omputing the statisti
t = �p � pkqPki=1(pi��p)2k�1 (2.1)where �p = 1kPki=1 pi. Under the null hypothesis, this statisti
 has a t distribution with k � 1degrees of freedom.2.6.2 5 times 2-fold 
ross-validationA novel approa
h to estimate the a

ura
y of a learning algorithm is to perform 5 repli
ations of2-fold 
ross-validation (5x2
v). In ea
h repli
ation, available dataset is randomly partitioned intotwo equal-sized sets: the algorithm is trained on ea
h set and tested on the other set. In this way,the reported a

ura
y is the mean of 10 a

ura
y values. In the same way, the standard deviationof this average 
an be reported.This validation method is well-suited when randomized learning algorithms are used. As 5 repli
a-tions of the 2-fold 
ross-validation s
heme are 
arried out, the randomness of the learning algorithmis automati
ally taken into a

ount.When the 5x2
v pro
edure is used to estimate the a

ura
y of two algorithms in the same dataset,the 5x2
v F test (Alpaydin, 1999) is used to study the signi�
an
e degree of the a

ura
y di�eren
esbetween both algorithms. It works as follows:Suppose that pji is the di�eren
e between the error rates of the two 
lassi�ers on fold j = 1; 2of repli
ation i = 1; : : : ; 5. The average on repli
ation i is �pi = p1i+p2i2 and the estimated varian
eis s2i = (p1i � �pi)2 + (p2i � �pi)2. We assume that the pji di�eren
es are drawn independently froma normal distribution with zero mean and unknown varian
e �2 (Dietteri
h, 1998) and then s2i�2 is
hi-square with one degree of freedom. Under the null hypothesis the statisti
f = P5i=1P2j=1(pji )22P5i=1 s2i (2.2)is approximately F distributed with 10 and 5 degrees of freedom.2.7 SummaryIn this 
hapter the prin
ipal roots of Supervised Classi�
ation are exposed. Spe
ial emphasis isfo
used on the supervised pro
edures employed in this dissertation. First supervised algorithms,Dis
riminant Analysis and Logisti
 Regression are introdu
ed: they are the inspiration for the birthof the learning algorithms grouped under the Ma
hine Learning term. The Ma
hine Learning algo-rithms and real datasets employed in this dissertation are studied. The last se
tion has des
ribedthe importan
e of the a

ura
y estimation in the Supervised Classi�
ation. The a

ura
y estima-tion pro
edures, 
oupled with their respe
tive statisti
al hypothesis testing te
hniques for a

ura
ydi�eren
es, are studied in detail.



Chapter 3Probabilisti
 Graphi
al Models

3.1 Overview of the 
hapterIn this 
hapter Bayesian and Gaussian networks will be introdu
ed. In Chapters 5, 6 and 7 of thisdissertation, in 
onjun
tion with the Estimation of Distribution Algorithms (EDAs, see Chapter 4)paradigm, both Probabilisti
 Graphi
al Models will be used in order to improve 
ertain aspe
ts ofSupervised Classi�
ation.The probabilisti
 graphi
al model paradigm (Pearl, 1988; Lauritzen, 1996), whi
h has be
omea popular representation for en
oding un
ertain knowledge in expert systems over the last de
ade,will be introdu
ed. On
e a general notation and the probabilisti
 graphi
al model paradigm arepresented in an abstra
t way, the emphasis of the 
hapter will be put in two well known probabilisti
graphi
al models that will be employed in further 
hapters of this dissertation: Bayesian networksand Gaussian networks. For these paradigms, the stru
tural learning from data, the 
onditional(in)dependen
e 
on
ept and the simulation tasks will be studied with attention.This 
hapter is an adaptation of the work by Larra~naga (2001a).3.2 Terminology and basi
 
on
eptsIn the next lines, a general notation that will be used in the rest of this dissertation, useful forBayesian and Gaussian probabilisti
 graphi
al models, is presented.The symbol Xi is used to represent a random variable. A possible instan
e of Xi is denoted xi.�(Xi = xi) (or simply �(xi)) represents the generalized probability distribution (DeGroot, 1970)over the point xi. Similarly, X = (X1; : : : ; Xn) is used to represent an n{dimensional randomvariable, and x = (x1; : : : ; xn) to represent one of its possible instan
es. The joint generalizedprobability distribution of X is denoted �(X = x) (or simply �(x)). The generalized 
onditionalprobability distribution of the variable Xi given the value xj of the variable Xj is represented as�(Xi = xijXj = xj) (or simply by �(xijxj)). The symbol D represents a dataset, i.e. a set of Ninstan
es of the variable X = (X1; : : : ; Xn).If the variable Xi is dis
rete, �(Xi = xi) = p(Xi = xi) (or simply p(xi)) is 
alled the massprobability for the variable Xi. If all the variables in X are dis
rete, �(X = x) = p(X = x) (orsimply p(x)) is the joint probability mass, and �(Xi = xijXj = xj) = p(Xi = xijXj = xj) (or simplyp(xijxj)) is the 
onditional mass probability of the variable Xi given that Xj = xj .17



18 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsIn the 
ase that Xi is 
ontinuous, �(Xi = xi) = f(Xi = xi) (or simply f(xi)) is the densityfun
tion of Xi. If all the variables in X are 
ontinuous, �(X = x) = f(X = x) (or simply f(x))is the joint density fun
tion, and �(Xi = xijXj = xj) = f(Xi = xijXj = xj) (or simply f(xijxj)) isthe 
onditional density fun
tion of the variable Xi given that Xj = xj .Let X = (X1; : : : ; Xn) be a ve
tor of random variables. The symbol xi is used to denote a valueof Xi, the ith 
omponent of X, and y = (xi)Xi2Y to denote a value of Y � X. A probabilisti
graphi
al model for X is a graphi
al fa
torization of the joint generalized probability distribution,�(X = x) (or simply �(x)). The representation 
onsists of two 
omponents: a stru
ture and a setof lo
al generalized probability distributions. The stru
ture S for X is a Dire
ted A
y
li
 Graph(DAG) that represents a set of 
onditional (in)dependen
e1(Dawid, 1979) assertions on the variableson X, and ea
h node in the stru
ture is asso
iated with ea
h variable of X.The stru
ture S forX represents for ea
h variable the assertions thatXi and fX1; : : : ; XngnPaSi 2are independent given PaSi , i = 2; : : : ; n. Thus, by the appli
ation of the 
hain-rule, the fa
toriza-tion 
an be simpli�ed as follows: �(x) = �(x1; : : : ; xn)= �(x1) � �(x2 j x1) � : : : � �(xi j x1; : : : ; xi�1) � : : : � �(xn j x1; : : : ; xn�1)= �(x1) � �(x2 j paS2 ) � : : : � �(xi j paSi ) � : : : � �(xn j paSn) = nYi=1 �(xi j paSi ): (3.1)It is assumed that, for ea
h variable, the lo
al generalized probability distributions depend on a�nite set of parameters �S 2 �S . Thus, the previous equation is rewritten as follows:�(x j �S) = nYi=1 �(xi j paSi ;�i) (3.2)where �S = (�1; : : : ;�n). Taking both 
omponents of the probabilisti
 graphi
al model into a

ount,this will be represented by M = (S;�S). That is, a 
ouple formed by the stru
ture and theirasso
iated parameters.Example 3.1 The stru
ture of the probabilisti
 graphi
al model represented in Figure 3.1 providesus the following fa
torization of the joint generalized probability distribution:�(x1; x2; x3; x4; x5; x6)= �(x1) � �(x2) � �(x3jx1; x2) � �(x4jx3) � �(x5jx3; x6) � �(x6) : (3.3)Informally, an ar
 between two nodes relates the two nodes so that the value of the variable
orresponding to the ending node of the ar
 depends on the value of the variable 
orresponding tothe starting node.The 
onditional independen
e and separation 
riteron 
on
epts are basi
 for the understanding ofthe underlying semanti
 of probabilisti
 graphi
al models. To 
he
k the 
onditional independen
e{see Figure 3.2{ between variables Y and Z given W , the smallest subgraph 
ontaining Y , Z,W and their an
estors must be 
onsidered. This subgraph must be moralized. To 
arry out this
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Figure 3.1. Stru
ture for a probabilisti
 model de�ned over X = (X1; X2; X3; X4; X5; X6).Step 1. Obtain the smallest subgraph 
ontaining Y , Z, W and theiran
estorsStep 2. Moralize the obtained subgraphStep 3. If every path between the variables in Y and the variables in Zin the obtained undire
ted graph is blo
ked by a variable in W ,then I(Y ;Z jW )Figure 3.2. Che
king 
onditional independen
ies in a probabilisti
 graphi
al model by means of the u{separation 
riterion for undire
ted graphs.moralization it is mandatory to add an edge between parents with 
ommon 
hildren and, then todelete the dire
tion of the ar
s, that is to transform the ar
s in edges. If every path between thevariables in Y and variables in Z in the obtained undire
ted graph is blo
ked by a variable in W ,then it is said that in the original graph the variables Y and Z are 
onditionally independent givenW and then I(Y;Z j W) is written. Otherwise Y and Z are said to be 
onditionally dependentgiven W, and then D(Y;Z jW) is written.Depending on the 
onne
tivity of the model stru
ture, di�erent degrees of 
omplexity in proba-bilisti
 graphi
al models 
an be 
onsidered. This 
an be a form to 
arry out this 
lassi�
ation:Without dependen
iesIn this type of stru
tures, ea
h variable has no parent parent variable. As a 
onsequen
e, thefollowing fa
torization is followed: �(x j �S) = nYi=1 �(xi j �i): (3.4)Tree



20 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsIn this type of stru
tures, ea
h variable 
an have at the most one parent variable. As a 
onse-quen
e, the following fa
torization is followed:�(x j �S) = nYi=1 �(xi j xj(i);�i) (3.5)where Xj(i) is the (possibly empty) parent of variable Xi.Multiply 
onne
tedWhile in tree stru
tures, given two nodes in the DAG, there is an unique path 
onne
ting themat the most, in multiple 
onne
ted stru
tures, every two nodes in the DAG 
an be 
onne
ted bymore than one path. As a result, the fa
torization is as follows:�(x j �S) = nYi=1 �(xi j paSi ;�i): (3.6)However, both previous stru
ture types 
an be 
onsidered as a parti
ular 
ase of multiply 
on-ne
ted ones.
 a) Structure without dependencies                        b) Tree structure                                 c) Multiply connected structure Figure 3.3. Degrees of 
omplexity in the stru
ture of probabilisti
 graphi
al models.Figure 3.3 shows a graphi
al representation of the di�erent types of stru
tures introdu
ed in thisse
tion.3.3 Bayesian networks3.3.1 Introdu
tionWhen the variables of the problem are dis
rete, Bayesian networks are an interesting probabilisti
graphi
al model that have been surrounded by a growing interest in the re
ent years. From aninformal perspe
tive, Bayesian networks are DAGs where the nodes are random variables with adis
rete set of values and the ar
s spe
ify the (in)dependen
e assumptions that must be held betweenthe random variables. The literature shows a large number of dedi
ated books and a wide range oftheoreti
al and pra
ti
al publi
ations in the �eld. The 
lassi
 and well-known book of Pearl (1988)must be mentioned. Neapolitan (1990) explains the basi
s of propagation algorithms and these arestudied in detail by Shafer (1996). Jensen (2001) is a re
ommended tutorial introdu
tion whilein Castillo et al. (1997) another sound introdu
tion with many worked examples 
an be found.Lauritzen (1996) provides a mathemati
al analysis of graphi
al models. More re
ently, Cowell et al.(1999) is an ex
ellent 
ompilation material 
overing re
ent advan
es in the �eld.



Probabilisti
 Graphi
al Models 21Bayesian networks 
onstitute a probabilisti
 framework for reasoning under un
ertainty. Thereasoning inside the model, that is, the propagation of the eviden
e through the model, dependson the stru
ture re
e
ting the 
onditional (in)dependen
ies between the variables. Cooper (1990)prove that this task is NP{hard in the general 
ase of multiply 
onne
ted Bayesian networks. Themost popular algorithm to a

omplish this task is proposed by Lauritzen and Spiegelhalter (1988){later improved by Jensen et al. (1990){ and is based on a manipulation of the Bayesian networkwhi
h starts with the moralization of the graphi
al model.3.3.2 Basi
 notation for Bayesian networksIn a Bayesian network stru
ture, when the dis
rete variable Xi 2 X has ri possible values,x1i ; : : : ; xrii , the lo
al distribution, p(xi j paj;Si ;�i) is an unrestri
ted dis
rete distribution:p(xik j paj;Si ;�i) = �xki jpaji � �ijk (3.7)where pa1;Si ; : : : ;paqi;Si denotes the values of PaSi , the set of parents of the variable Xi in thestru
ture S. The term qi denotes the number of possible di�erent instan
es of the parent variablesof Xi. Thus, qi =QXg2Pai rg .The lo
al parameters are given by �i = ((�ijk)rik=1)qij=1). In others words, the parameter �ijkrepresents the 
onditional probability of variable Xi being in its kth value, knowing that the set ofits parent variables is in its jth value.Structure�
 �	X1 �
 �	X2�
 �	X3ZZ~ ��=�
 �	X4?
Local probabilities�1 = (�1�1; �1�2)�2 = (�2�1; �2�2; �2�3)�3 = (�311; �321; �331;�341; �351; �361;�312; �322; �332;�342; �352; �362)�4 = (�411; �421; �412; �422)

p(x11); p(x21)p(x12); p(x22); p(x32)p(x13jx11; x12); p(x13jx11; x22); p(x13jx11; x32);p(x13jx21; x12); p(x13jx21; x22); p(x13jx21; x32);p(x23jx11; x12); p(x23jx11; x22); p(x23jx11; x32);p(x23jx21; x12); p(x23jx21; x22); p(x23jx21; x32)p(x14jx13); p(x14jx23); p(x24jx13); p(x24jx23)Factorization of the joint mass-probabilityp(x1; x2; x3; x4) = p(x1)p(x2)p(x3jx1; x2)p(x4jx3)Figure 3.4. Stru
ture, lo
al probabilities and resulting fa
torization for a Bayesian network with fourvariables (X1; X3 and X4 with two possible values, and X2 with three possible values).Example 3.2 In order to understand the introdu
ed notation, Table 3.1 and Figure 3.4 areintrodu
ed. It must be taken into a

ount that the values expressed in Table 3.1 are obtained fromFigure 3.4. Noti
e also that from the fa
torization of the joint probability mass derived from thestru
ture of the Bayesian network in Figure 3.4, the number of parameters needed to spe
ify thejoint probability mass is redu
ed from 23 to 11.From Figure 3.4, it 
an be seen that to assess a Bayesian network, the user needs to spe
ify:a stru
ture by means of a DAG whi
h re
e
ts the set of 
onditional (in)dependen
ies among thevariables;



22 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsTable 3.1. Variables (Xi), number of possible values of variables (ri), set of variable parents of a variable(Pai), number of possible instantiations of the parent variables (qi).variable possible values parent variables possible values of the parentsXi ri Pai qiX1 2 ; 0X2 3 ; 0X3 2 fX1; X2g 6X4 2 fX3g 2the un
onditional probabilities for all root nodes (nodes with no prede
essors), p(xik j ;;�i) (or�i�k);the 
onditional probabilities for all other nodes, given all possible 
ombinations of their dire
tprede
essors, �ijk = p(xik j paj;Si ;�i).3.3.3 Model indu
tionOn
e the Bayesian network is built, it 
onstitutes an eÆ
ient devi
e to perform probabilisti
 infer-en
e. Nevertheless, the problem of building su
h a network remains. The stru
ture and 
onditionalprobabilities ne
essary for 
hara
terizing the Bayesian network 
an be provided either externallyby experts {time 
onsuming and subje
t to mistakes{ or by automati
 learning from a dataset of
ases. On the other hand, the learning task 
an be separated into two subtasks: stru
ture learning,that is, to identify the topology of the Bayesian network, and parametri
 learning, the numeri
alparameters (
onditional probabilities) for a given network topology.The easier a

essibility to huge databases during the re
ent years has led to a big number of modellearning algorithms had been proposed. Di�erent approa
hes to Bayesian network model indu
tion
an be 
lassi�ed a

ording to the nature of the modeling (dete
ting 
onditional (in)dependen
iesversus s
ore+sear
h methods). The prin
ipal approa
hes will be introdu
ed in the following lines.The reader 
an 
onsult some good reviews on model indu
tion in Bayesian networks in He
kerman(1995), Buntine (1996), Sang�uesa and Cort�es (1998) and Krause (1998).3.3.3.1 Dete
ting 
onditional (in)dependen
iesEvery algorithm that tries to re
over the stru
ture of the Bayesian network by dete
ting (in)de-penden
ies has some 
onditional (in)dependen
e relations between some subset of variables of themodel as input, and a DAG that represents a large per
entage (and even all of them if possible) ofthese relations as output. On
e the stru
ture has been learnt, the 
onditional probability distribu-tions required to 
ompletely spe
ify the model are estimated from the database {using some of thedi�erent approa
hes to parameter learning{ or are given by an expert. The works by de Campos(1998) and Spirtes et al. (1993) provide good reviews of this kind of algorithms.The PC algorithm of Spirtes et al. (1991) is possibly the most known algorithm for 
onstru
tingBayesian networks by dete
ting 
onditional (in)dependen
ies. It starts by forming the 
ompleteundire
ted graph and then it tries to `thin' it. First, edges with zero order 
onditional independen
erelations are removed, then edges with �rst order 
onditional independen
e relations, and so on.
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 Graphi
al Models 233.3.3.2 S
ore+sear
h methodsAlthough the approa
h to the Bayesian network 
onstru
tion based on dete
ting 
onditional(in)dependen
ies is quite appealing due to its 
loseness to the semanti
 of Bayesian networks, themajor part of the developed stru
ture learning algorithms belongs to the 
ategory of s
ore+sear
hmethods.For this kind of methods, a metri
 that measures the goodness of every 
andidate Bayesian net-work with respe
t to a dataset of 
ases is needed. In addition, a sear
h pro
edure, to intelligentlymove through the spa
e of possible network stru
tures is also ne
essary.Sear
h approa
hesAs the problem of �nding the best network with respe
t to some 
riterion from the set of allnetworks in whi
h ea
h node has no more than k parents (k > 1) is NP-hard (Chi
kering et al.,1994), the use of sear
h heuristi
s is justi�ed. The sear
h is 
arried out in the spa
e of DAGs thatrepresent the feasible Bayesian network stru
tures. The 
ardinality of this spa
e is huge and it isgiven by the re
ursive formula obtained by Robinson in 1977:f(n) = nXi=1(�1)i+1(ni )2i(n�i)f(n� i); f(0) = 1; f(1) = 1: (3.8)The literature in
ludes plenty of works proposing di�erent sear
h strategies to �nd good networkstru
tures: greedy sear
hes (Buntine, 1991; Cooper and Herskovits, 1992), simulated annealing(Chi
kering et al., 1995), tabu sear
h (Bou
kaert, 1995), geneti
 algorithms (Larra~naga et al., 1996;Myers et al., 1999) and evolutionary programming (Wong et al., 1999).Due to their speed and demonstrated eÆ
ien
y, greedy strategies are widely used. As they willbe used in further 
hapters of this dissertation, the prin
ipal te
hniques of this types are exposedin the next lines:Algorithm B (Buntine, 1991) starts with an ar
-less stru
ture and, at ea
h step it adds the ar
with the maximum improvement in the used s
ore. It stops when adding an ar
 does not in
reasethe s
oring measure;another possibility is, starting with a given stru
ture, 
arry out the addition or deletion of thear
 with the maximum in
rease in the s
oring measure at every step. The sear
h stops when nomodi�
ation of the stru
ture improves the s
oring measure. The main drawba
k of this strategyis that it heavily depends on the initial stru
ture.S
ore metri
sPenalized maximum likelihoodGiven a dataset D with N 
ases, D = fx1; : : : ;xNg, one might 
al
ulate for any stru
ture Sthe maximum likelihood estimate, b�, for the parameters � and the asso
iated maximized loglikelihood of the data, given the stru
ture and the parameters: log p(D j S; b�). This 
an beused as a 
rude measure of the su

ess of the stru
ture S to des
ribe the observed data D. Itseems appropriate to s
ore ea
h stru
ture by means of its asso
iated maximized log likelihoodand thus, to sear
h for the stru
ture that maximizes log p(D j S; b�). Following the proposedsteps, the following formulation 
an be obtained:



24 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelslog p(D j S;�) = log NYw=1 p(xw j S;�) = log NYw=1 nYi=1 p(xw;i j paSi ;�i)= nXi=1 qiXj=1 riXk=1 log(�ijk)Nijk (3.9)where Nijk denotes the number of 
ases in D in whi
h the variable Xi has the value xki and Paihas its jth value, and Nij =Prik=1Nijk . It must be remembered (see Se
tion 3.2) that ea
h 
asein D is 
hara
terized by n variables.Taking into a

ount that the maximum likelihood estimate for �ijk is given by b�ijk = NijkNij(Cooper and Herskovits, 1992), we obtain:log p(D j S; b�) = nXi=1 qiXj=1 riXk=1Nijk log NijkNij : (3.10)The monotoni
ity of the likelihood with respe
t to the 
omplexity of the stru
ture usually leadsthe sear
h through 
omplete networks. The in
orporation of a penalty term for the model
omplexity into the maximized likelihood 
ould redu
e this drawba
k, resulting in the followingformula for a penalized maximum likelihood:nXi=1 qiXj=1 riXk=1Nijk log NijkNij � f(N)dim(S) (3.11)where dim(S) is the dimension {number of parameters needed to spe
ify the model{ of theBayesian network with a stru
ture given by S. Thus, the dimension is spe
i�ed by dim(S) =Pni=1 qi(ri� 1) and f(N) is a non negative penalization fun
tion. The most known penalizationfun
tions of the literature are the following:{ the Akaike's Information Criterion (AIC) (Akaike, 1974) where f(N) = 1;{ the Je�reys-S
hwarz 
riterion, also known as the Bayesian Information Criterion (BIC)(S
hwarz, 1978) where f(N) = 12 logN .Bayesian s
ores. Marginal likelihoodOur un
ertainty on the proposed Bayesian network model (stru
ture and parameters) 
an beexpressed by the Bayesian approa
h for s
ore metri
s. As p(xjD) is the probability distributionwe want to �nd, if S represents the possible DAGs, then from probability theory we obtain:p(xjD) =XS2S p(xjS;D)p(SjD) (3.12)This equation is known as Bayesian model averaging (Madigan and Raftery, 1994). As it requiresthe summing of all possible stru
tures, its use is unfeasible and usually two approximations areused instead of the afore mentioned approa
h.
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al Models 25The �rst is known as sele
tive model averaging (Madigan and Raftery, 1994), where only aredu
ed number of promising stru
tures is taken into a

ount. In this 
ase, denoting the set ofpromising stru
tures by Ssel, we have:p(xjD) � XS2Ssel p(xjS;D)p(SjD) (3.13)where XS2Ssel p(SjD) � 1:Although this approa
h 
ould obtain good results, it has a large 
omputational 
ost. The se
ondapproximation is known as model sele
tion where p(xjD) is approximated in the followingmanner: p(xjD) � p(xjŜ; D) (3.14)where Ŝ = arg maxS2Ssel p(SjD):This means that only the stru
ture with the maximum posterior likelihood is used, knowing thatfor large enough D, we have p(ŜjD) � 1.Obviously, better results must be obtained using model averaging, but due to its easier appli-
ation and lower 
ost, model sele
tion is preferred most of the times. As a qui
k estimationof p(xjD) is needed in subsequent parts of this dissertation, this se
ond approximation will theused one.A s
ore 
ommonly used in Bayesian model sele
tion is the logarithm of the relative posteriorprobability of the model:log p(S j D) / log p(S;D) = log p(S) + log p(D j S): (3.15)Under the assumption that the prior distribution over the stru
ture is uniform, an equivalent
riterion is the log marginal likelihood of the data given the stru
ture, log p(D j S).It is possible {see Cooper and Herskovits (1992) and He
kerman et al. (1995) for details{ to
ompute the marginal likelihood eÆ
iently and in 
losed form under some general assumptions.As it will be used in Chapter 5 of this dissertation, K2 (Cooper and Herskovits, 1992), a wellknown algorithm for the indu
tion of network stru
tures, will be introdu
ed in the following lines.It in
orportates a Bayesian inspired s
ore metri
, 
oupled with a greedy strategy for the sear
hpro
ess of the network stru
ture. The sear
h pro
ess starts by assuming that a node does nothave parents, after whi
h in every step it adds in
rementally that parent whose addition mostin
reases the probability of the resulting stru
ture. The K2 algorithm stops adding parents tothe nodes when the addition of a single parent 
an not in
rease the probability. Its basi
 s
heme
an be seen in Figure 3.5.
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsAlgorithm K2INPUT: A set of n nodes, an ordering on the nodes, an upper bound u on thenumber of parents a node may have, and a database D 
ontaining N 
asesOUTPUT: For ea
h node, a printout of the parents of the nodeBEGIN K2FOR i := 1 TO n DOBEGINPai := ;pold := g(i;Pai)OKToPro
eed := TRUEWHILE OKToPro
eed AND jPaij < u DOBEGINLet Z be the node in Pred(Xi)nPai thatmaximizes g(i;Pai [ fZg)pnew := g(i;Pai [ fZg)IF pnew> pold THENBEGINpold := pnewPai := Pai [ fZgENDELSE OKToPro
eed := FALSEEND;WRITE(`Node:', Xi, `Parents of this node:', Pai)ENDEND K2 Figure 3.5. The K2 algorithm.Given a Bayesian network model, if the examples of the dataset o

ur independently, there arenot missing values, and the density of the parameters given the stru
ture is uniform, then theprevious authors show thatp(D j S) = nYi=1 qiYj=1 (ri � 1)!(Nij + ri � 1)! riYk=1Nijk ! (3.16)The uniformity assumption of the parameters 
an be relaxed, allowing the user to employ Diri
h-let distributions to spe
ify prior probabilities of the parameters (Cooper and Herskovits, 1992).Apart from the algorithm, this metri
 is also known as the K2 metri
 for the s
oring of Bayesiannetworks. The K2 algorithm assumes that an ordering on the variables is available and that, apriori, all stru
tures are equally likely. It sear
hes, for every node, the set of parent nodes thatmaximizes the following fun
tion (see Figure 3.5):g(i;Pai) = qiYj=1 (ri � 1)!(Nij + ri � 1)! riYk=1Nijk ! (3.17)In a generalization of the K2 metri
, He
kerman et al. (1995) derive the BD (Bayesian Diri
hlet)metri
. It allows the prior probability fun
tions for the Bayesian network parameters given the
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al Models 27PLSFind an an
estral ordering, �, of the nodes in the Bayesian networkFor j = 1; 2; : : : ; NFor i = 1; 2; : : : ; nx�(i)  generate a value from p(x�(i)jpa�(i))Figure 3.6. Pseudo
ode for the PLS method.stru
ture to be Diri
hlet distributions. In the same work the authors also present the BayesianDiri
hlet equivalent metri
 (BDe), whi
h has the property that the s
ore of two stru
tures thatre
e
t the same set of 
onditional (in)dependen
ies is the same.S
ores based on information theoryThe literature in
ludes several s
ores that, inspired in the Information Theory (Shannon, 1948),they are able to 
ompare two probability distributions (p(x) and p0(x)). The Kullba
k-Leibler
ross-entropy measure (Kullba
k, 1951) is possibly the most frequently used information-inspireds
ore. It is 
omputed as follows:DK�L(p(x); p0(x)) =Xx p(x) log p(x)p0(x)=Xx p(x) log p(x)�Xx p(x) log p0(x): (3.18)It 
an be 
onsidered that the Kullba
k-Leibler measure represents the di�eren
e in the informa-tion 
ontained in the a
tual distribution p(x) and the information 
ontained in the approximatedistribution p0(x).Other works that propose s
ores based on information theory 
an be found in Chow and Liu(1968) (Maximum Weight Spanning Tree: it will be introdu
ed in Chapter 4), Herskovits andCooper (1990), Lam and Ba

hus (1994) and Bou
kaert (1995).3.3.4 SimulationThe simulation of Bayesian networks 
an be 
onsidered as an alternative to the exa
t propagationmethods developed in order to reason with the networks. The literature in
ludes plenty worksproposing di�erent methods to perform this simulation. Several interesting referen
es 
an be foundin Bou
kaert et al. (1996), Jensen et al. (1993) and Salmeron et al. (2000).One of the most known and intuitive simulation pro
edures is the Probabilisti
 Logi
 Sampling(PLS) method proposed by Henrion (1988). PLS (see Figure 3.6) takes advantage of how theBayesian network de�nes the probability distribution. The values for ea
h variable are generated ina forward way following their an
estral ordering, that is, a variable is sampled after all its parentshave been already sampled. An an
estral ordering of the variables guarantees that the values forPa�(i) are assigned before X�(i) is sampled. On
e the values of Pa�(i) are assigned, the simulationfor the value of X�(i) is performed using the distribution p(x�(i)jpa�(i)).
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Models3.4 Gaussian networks3.4.1 Introdu
tionIn this se
tion a probabilisti
 graphi
al model paradigm 
alled Gaussian networks (Sha
hter andKenley, 1989) will be introdu
ed. Instead of Bayesian networks, this kind of networks are usedwhen the variables of the problem are 
ontinuous. The joint density fun
tion is fa
torized followinga multivariate Gaussian density (Whittaker, 1990), redu
ing the number of parameters needed tospe
ify this multivariate Gaussian density.3.4.2 Basi
 notation for Gaussian networksWhen ea
h variable of the problem Xi 2 X is 
ontinuous, it is assumed that it follows a lo
aldensity fun
tion by the linear-regression model:f(xi j paSi ;�i) � N (xi;mi + Xxj2pai bji(xj �mj); vi) (3.19)where N (x;�; �2) is a univariate normal distribution with mean � and varian
e �2. Given thisform, a missing ar
 from Xj to Xi implies that bji = 0 in the former linear-regression model. Thelo
al parameters are given by �i = (mi; bi; vi), where bi = (b1i; : : : ; bi�1i)t is a 
olumn ve
tor. Aprobabilisti
 graphi
al model 
onstru
ted by these lo
al density fun
tions is known as a Gaussiannetwork (Sha
hter and Kenley, 1989).The interpretation of the 
omponents of the lo
al parameters is as follows: mi is the un
onditionalmean of Xi, vi is the 
onditional varian
e of Xi given Pai, and bji is a linear 
oeÆ
ient re
e
tingthe strength of the relationship between Xj and Xi. See Figure 3.7 for an example of a Gaussiannetwork. Lo
al densitiesStru
ture
f(x1; x2; x3; x4) = f(x1)f(x2)f(x3jx1; x2)f(x4jx3) =Fa
torization of the joint density fun
tion

X1 X2X3X4
1p2�v1 e� 12v1 (x1�m1)2 � 1p2�v2 e� 12v2 (x2�m2)2 �1p2�v3 e� 12v3 (x3�(m3+b13(x1�m1)+b23(x2�m2)))2 �1p2�v4 e� 12v4 (x4�(m4+b34(x3�m3)))2
�1 = (m1;�; v1) fX1 ,! N (x1;m1; v1)�2 = (m2;�; v2) fX2 ,! N (x2;m2; v2)�3 = (m3; b3; v3) fX3jX1=x1;X2=x2 ,!�4 = (m4; b4; v4) fX4jX3=x3 ,! N (x4;m4 + b34(x3 �m3); v4)b3 = (b13; b23)0 N (x3;m3 + b13(x1 �m1) + b23(x2 �m2); v3)b4 = (b34)0

Figure 3.7. Stru
ture, lo
al densities, and resulting fa
torization for a Gaussian network with four variables.Close to Gaussian networks, the multivariate normal density paradigm appears. The joint prob-ability density fun
tion of the 
ontinuous n-dimensional variable X is a multivariate normal distri-bution if:
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al Models 29f(x) �N (x;�;�) � (2�)�n2 j�j� 12 e� 12 (x��)t��1(x��) (3.20)where � is the ve
tor of means, � is an n�n 
ovarian
e matrix, and j�j denotes the determinantof �. The inverse of this matrix, W = ��1, whose elements are denoted by wij , is referred to asthe pre
ision matrix. In this way, this density fun
tion 
an be written as a produ
t of n 
onditionaldensities by the following formula:f(x) = nYi=1 f(xi j x1; : : : ; xi�1) = nYi=1N (xi;�i + i�1Xj=1 bji(xj � �j); vi) (3.21)where �i is the un
onditional mean of Xi, vi is the varian
e of Xi given X1; :::; Xi�1, and bji is alinear 
oeÆ
ient re
e
ting the strength of the relationship between variables Xj and Xi (DeGroot,1970). This notation gives us the possibility of interpreting a multivariate normal distribution as aGaussian network where there is an ar
 from Xj to Xi whenever bji 6= 0 with j < i.3.4.3 Model indu
tionIn the next lines the basi
 automati
 approa
hes for Gaussian network 
onstru
tion are intro-du
ed. Similarly to Bayesian networks, the methods to indu
e the stru
ture and density fun
tions are
lassi�ed into two groups: methods based on the testing for the edge ex
lusion versus s
ore+sear
hmethods. Among s
ore+sear
h approa
hes, two di�erent s
ore types are presented: as in the 
aseof Bayesian networks, one penalizes the maximum likelihood metri
 and the other is a Bayesianinspired s
ore.3.4.3.1 Edge ex
lusion testsThis approa
h is based on the idea of testing whether the edge 
onne
ting the verti
es 
orre-sponding to Xi and Xj in the 
onditional independen
e graph 
an be eliminated. Hen
e, su
h testsare known as edge ex
lusion tests. Many graphi
al model sele
tion pro
edures start by making the(n2 ) single edge ex
lusion tests evaluating the likelihood ratio statisti
 and 
omparing it to a �2distribution. Interesting works in this �eld appear in Dempster (1972), Speed and Kiiveri (1986)and Smith and Whittaker (1998).3.4.3.2 S
ore+sear
h methodsFollowing the idea of Bayesian networks, the main idea under this approa
h 
onsists of havinga measure for ea
h 
andidate Gaussian network in 
ombination with an intelligent sear
h throughthe spa
e of di�erent network stru
tures.Sear
h approa
hesAll the 
omments expressed for Bayesian networks are also valid in the 
ase of Gaussian networks.In fa
t, Algorithm B or variants of the general lo
al sear
h strategy introdu
ed in the Bayesian net-work se
tion 
an be also applied in this 
ase.S
ore metri
s



30 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsPenalized maximum likelihoodDenoting by L(D j S;�) the likelihood of the database D = fx1; : : : ;xNg given the Gaussiannetwork model M = (S;�), we have that:L(D j S;�) = NYr=1 nYi=1 1p2�vi e� 12vi (xir�mi�Pxj2pai bji(xjr�mj))2 : (3.22)The maximum likelihood estimates for � = (�1; : : : ;�n), denoted as b� = (b�1; : : : ; b�n), areobtained by maximizing L(D j S;�) or equivalently maximizing lnL(D j S;�). The expressionfor the latter is:lnL(D j S;�) = NXr=1 nXi=1 [� ln(p2�vi)� 12vi (xir �mi � Xxj2pai bji(xjr �mj))2℄: (3.23)In this way, the maximum likelihood estimate 
an be penalized as follows:NXr=1 nXi=1 [� ln(p2�vi)� 12vi (xir �mi � Xxj2pai bji(xjr �mj))2℄� f(N)dim(S): (3.24)The number of parameters, dim(S), needed to spe
ify a Gaussian network model with a stru
turegiven by S 
an be obtained with the following formula:dim(S) = 2n+ nXi=1 j Pai j : (3.25)For ea
h variable, Xi, it is needed to spe
ify its mean, mi, its 
onditional varian
e, vi, and itsregression 
oe�
ients, bji. The 
omments done about f(N) in Se
tion 3.3.2 are also valid in this
ase.Bayesian s
ores. Marginal likelihoodBGe (Bayesian Gaussian equivalent) is a 
ontinuous version of the BDe metri
 (He
kerman et al.,1995) for Gaussian networks. A Bayesian approa
h is used to indu
e the network from data,expressing our un
ertainty on the model (stru
ture and parameters). As BDe, this metri
 alsoveri�es the interesting property of s
ore equivalen
e. This means that two Gaussian networksthat represent the same set of 
onditional (in)dependen
e assertions re
eive the same s
ore.The metri
 is based in the fa
t that the prior joint density of the network parameters is thenormal-Wishart density. This fa
t allows us to obtain a 
losed formula for the 
omputation ofthe log marginal likelihood of the data given the proposed DAG stru
ture of the network in thefollowing form: L(D j S) = nYi=1 L(DXi[Pai j S
)L(DPai j S
) (3.26)
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 Graphi
al Models 31where ea
h term is of the form given in Equation 3.27, DXi[Pai is the database D restri
ted tothe variables Xi [Pai, and S
 represents a 
omplete network stru
ture. Combining the resultsprovided by the theorems given in DeGroot (1970) and Geiger and He
kerman (1994), we obtain:L(D j S
) = (2�)�nN2 ( �� +N )n2 
(n; �)
(n; �+N) jT0j�2 jTN j��+N2 (3.27)where �, � and T0 are impli
it fun
tions of the user's ba
kground knowledge. T0 and TN 
an be
onsidered as pre
ision matri
es when no 
ases and N 
ases are available, respe
tively, and bothmatri
es follow a normal-Wishart density fun
tion. � and � parameters also re
e
t the user'sprior knowledge. While � 
an be thought of as being an equivalent sample size for the ve
torof means, � 
an be interpreted as the user's equivalent sample size for the pre
ision matrix T0(being � > n� 1).On the other hand, the 
(n; �) fun
tion is de�ned as follows:
(n; �) = "2�n2 � n(n�1)4 nYi=1�(�+ 1� i2 )#�1 : (3.28)This result yields a metri
 for s
oring the marginal likelihood of any Gaussian network. Thereader interested in more details 
an 
onsult Geiger and He
kerman (1994).3.4.4 SimulationClose to the idea of the an
estral ordering proposed in the PLS method (see Se
tion 3.3.4),the book by Ripley (1987) proposes a method for the simulation of Gaussian networks known asthe 
onditioning method. This pro
edure generates instan
es of X by 
omputing X1, then X2
onditional on X1, and so on. For the simulation of an univariate normal distribution, a simple andwell-known method based on the sum of 12 uniform variables 
an be applied.3.5 SummaryIn this 
hapter two probabilisti
 graphi
al models {Bayesian networks and Gaussian networks{have been introdu
ed. Both paradigms are basi
 for the development of Estimation of DistributionAlgorithms, whi
h will be presented in the next 
hapter of this dissertation.The most known model indu
tion methods for both paradigms have been presented. For bothtypes of networks, indu
tion methods are divided into two types: pro
edures based on dete
ting
onditional (in)dependen
ies and pro
edures based on a s
ore+sear
h point of view. Within these
ond group, prin
ipal sear
h strategies and s
ore metri
s for model indu
tion have been studied.The simulation task for both kinds of networks have been also reviewed.
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsNotes1 Given Y ;Z;W three disjoints sets of variables, it is said that Y is 
onditionally independentof Z given W if for any y; z;w we have �(y j z;w) = �(y j w). If this is the 
ase, we denoteI(Y ;Z jW ). In the 
ase of the 
onditional dependen
e D(Y ;Z jW ) is denoted.2 PaSi represents the set of parents {variables from whi
h an arrow that ends in Xi 
omes out{ ofthe variable Xi in the probabilisti
 graphi
al model with stru
ture given by S.



Chapter 4Estimation of Distribution Algorithms

4.1 Overview of the 
hapterIn this 
hapter a novel population-based, randomized, evolutionary paradigm, 
alled Estimationof Distribution Algorithms (EDAs) will be introdu
ed. This paradigm will be used in Chapters 6and 7 to solve two 
lassi
 optimization problems that arise in Supervised Classi�
ation.As EDAs are based on probabilisti
 graphi
al models, this 
hapter is strongly related with theprevious one. On
e the motivations for the birth of EDAs are exposed, the prin
ipal EDA approa
hesthat appear in the literature for dis
rete and 
ontinuous domains are explained. As dis
rete EDAapproa
hes are more extensively used than 
ontinuous ones in this dissertation, more emphasis isput on dis
rete pro
edures.This 
hapter is an adaptation and extension of the work by Larra~naga (2001b).4.2 The need of the EDA paradigmMany 
ombinatorial optimization algorithms have no me
hanism for 
apturing the relationshipsamong the variables of the problem. The related literature has many papers proposing di�erentheuristi
s in order to impli
itly 
apture these relationships. Geneti
 Algorithms (GAs) tries toimpli
itly 
apture these relationships by a semi-blind pro
ess, 
on
entrating samples on 
ombina-tions of high-performan
e members of the 
urrent population through the use of the re
ombination(
rossover and mutation) operators (Mi
halski, 2000):the 
rossover operator semi-randomly 
ombines the information 
ontained within pairs of sele
ted`parent' solutions by pla
ing random subsets of ea
h parent's bits into their respe
tive positionsin a new `
hild' solution;the mutation operator is a random modi�
ation of a 
urrent solution.In GAs no expli
it information is kept about whi
h groups of variables jointly 
ontribute tothe quality of 
andidate solutions. It is often assumed that GAs are an eÆ
ient method to solveproblems where variables intera
t, �nding independently these groups of variables and properlymixing them afterwards (van Kemenade, 1998). However, as 
rossover and mutation operationsare randomized, they 
ould disrupt many of these `desired' relationships among the variables (Inzaet al., 2001a). Although the sear
h pro
ess 
ould produ
e an individual whi
h 
overs an optimalrelation among a subset of variables, a 
rossover or mutation operator 
ould break this. Therefore,33
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelsmost of the 
rossover and mutation operations yield unprodu
tive results and the dis
overy of theglobal optima 
ould be delayed.On the other hand, GAs are also 
riti
ized in the literature for three aspe
ts (Larra~naga et al.,2000b):the large number of parameters and their asso
iated refered optimal sele
tion or tuning pro
ess.If the resear
her does not have experien
e in using this type of approa
h for the resolution of a
on
rete optimization problem, then the 
hoi
e of suitable values for these parameters is itself
onverted into an optimization problem, as was shown by Grefenstette (1986);the extremely diÆ
ult predi
tion of the movements of the populations in the sear
h spa
e;their in
apa
ity to solve the well known de
eptive problems (Goldberg, 1989).The identi�
ation of the groups of variables (or Building Blo
ks) that are related to produ
e`good' solutions is an interesting way to improve the results of GAs.De Bonet (1997) des
ribes the need to take into a

ount the variable relations during the opti-mization pro
ess: `In many optimization problems, the stru
ture of solutions re
e
ts 
omplex rela-tionships between the di�erent input parameters. For example, experien
e may tell us that 
ertainparameters are 
losely related and should not be explored independently... Any sear
h of the 
ostlands
ape should take advantage of these relationships'.In this way, a group of te
hniques grouped under the Messy Geneti
 Algorithm (MGA) (Goldberget al., 1989) term appears in the late 1980s. They are based on manipulating the representationof solutions in the sear
h algorithm to make the found relationships less likely to be broken byre
ombination operators. The values of the variables in the sear
h pro
ess are not the only thingthat is optimized as it was with 
lassi
 GAs. The representation of the problem (the positions ofthe variables) and other features are also optimized in the mGA pro
ess. For this purpose, a largeset of new re
ombination operators and a not �xed-lenght representation are used to tightly 
oderelated variables. In this way, the obje
tive is to redu
e the 
han
e for the disruption of theserelationships during the re
ombination pro
ess. This approa
h works quite well for de
omposableproblems although they require some prior knowledge about the problem and they are usually verymemory and time 
onsuming (Pelikan and M�uhlenbein, 1999). Nevertheless, this kind of geneti
approa
hes have been often designed 
onsidering the parti
ular 
hara
teristi
s of the problem to beoptimized, 
onstraining its use to narrow domains.A di�erent way to 
ope with the disruption of partial solutions is to 
hange the basi
 prin
iple ofre
ombination. Instead of extending the GA, the idea of the expli
it dis
overy of these relationshipsduring the optimization pro
ess itself has emerged from the roots of the GA 
ommunity. One wayto dis
over these relationships is to estimate the joint distribution of promising solutions and usethis estimate in order to generate new individual. A general s
heme of the algorithms based onthis prin
iple is 
alled the Estimation of Distribution Algorithms (EDAs) (M�uehlenbein and Paa�,1996) (Larra~naga and Lozano, 2001). In EDAs, there are no 
rossover nor mutation operators, andthe new population is sampled from a probability distribution whi
h is estimated from the sele
tedindividuals. A basi
 s
heme of the EDA approa
h 
an be seen in Figure 4.1 and Figure 4.2. At thebegining M individuals are generated at random, for example, from a uniform distribution (dis
reteor 
ontinuous) for ea
h variable. TheseM individuals 
onstitute the initial population, D0, and ea
hof them is evaluated. In a �rst step, a number N (N �M) of individuals are sele
ted (usually thosewith the best obje
tive fun
tion values). Next, indu
tion of the n{dimensional probabilisti
 modelthat best re
e
ts the interdependen
ies between the n variables is 
arried out. In a third step, M



Estimation of Distribution Algorithms 35new individuals (the new population) are obtained from simulation of the probability distributionlearned in the previous step. The previous three steps are repeated until a stopping 
onditionis veri�ed. Examples of stopping 
onditions are: when a �xed number of populations or a �xednumber of di�erent evaluated individuals are a
hieved, uniformity in the generated population, noimprovement with respe
t to the best individual obtained in the previous generation, et
.EDAD0  Generate M individuals (the initial population) randomlyrepeat for l = 1; 2; : : : until a stop 
riterion is metDSel�1  Sele
t N �M individuals from Dl�1 a

ording to a sele
tion method�l(x) = �(xjDSel�1)  Estimate the generalized joint density of sele
tedindividuals being among the sele
ted individualsDl  Sample M individuals (the new population) from �l(x)Figure 4.1. Main s
heme of the EDA approa
h.Before the explanation of prin
ipal EDA approa
hes, it is ne
essary to mention the novel re-sear
h line proposed under the Learnable Evolution Model (LEM) (Mi
halski, 2000). LEM employsMa
hine Learning to guide the generation of new populations in an evolutionary pro
ess. In ea
hgeneration of the sear
h, a 
lassi�
ation model that dis
riminates among highly and lowly �ttedindividuals is indu
ed. Then, by an instantiation pro
ess of the indu
ed rules, this 
lassi�
ationmodel is used to 
reate a new generation of individuals.As the motivations for the birth of this novel approa
h, they argue the semi-blind nature of theGAs and that `in GAs, the generation of new individuals is not guided by lessons learned from thepast generations, but is a form of a trial and error pro
ess exe
uted in parallel. Consequently, 
om-putational pro
esses based on Darwinian evolution tend to be ineÆ
ient'. The similarities betweenthe reasons that motivate the birth of LEM and EDAs seem very similar. In 
ontrast to GAs, bothparadigms not only take into 
onsideration the `experien
e' of single individuals for the generationof new ones: the experien
e of an entire population or a 
olle
tion of populations is the enginethat guides the sear
h and the 
reation of new individuals. Both paradigms try to outperform thesemi-blind nature of GAs by means of the expli
itly expression of the experien
e learned during theoptimization pro
ess. As LEM tries to express this knowledge by a supervised 
lassi�
ation model,EDAs use a probabilisti
-based framework.4.3 EDA approa
hes in dis
rete domainsAs we have seen in the previous se
tion, the estimation of the probability distribution of bestindividuals in ea
h generation of the sear
h is a 
riti
al task for the EDA's su

ess. As in this se
tionthe prin
ipal EDA approa
hes that appear in the literature for dis
rete domains are reviewed, weorganize them with respe
t to the 
omplexity of the probabilisti
 model used to learn the inter-dependen
ies among the variables of the domain. In this way, the literature in
ludes approa
hesthat assumes the independen
e among the features of the problem, approa
hes that 
over pairwiseintera
tions and those that re
e
t multivariate dependen
ies. Apart from the essen
e of the prob-ability estimation, in spite of all the approa
hes have minor variations with respe
t to the basi
EDA s
heme presented in the Figure 4.1, all presented algorithms 
an be grouped under the EDAparadigm. For ea
h spe
i�
 algorithm, these di�eren
es with respe
t to the main EDA s
heme are
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al Models

Indu
tion of theprobability modelX1 X2X3
X4

D0X1 X2 X3 X4 eval1 1 0 1 1 13.252 0 0 1 1 32.45... ... ... ... ... ...M 1 1 0 0 34.12
DSel�1 Sele
tion of N < M individuals

�l(x) = �(xjDSel�1)
X1 X2 X3 X4 eval1 1 1 1 1 33.782 0 0 1 1 32.45... ... ... ... ... ...M 0 0 0 0 37.26

Dl Sampling from �l(x)
individualsSele
tion of N � M

X1 X2 X3 X4 eval1 0 0 1 1 32.252 1 1 1 1 33.78... ... ... ... ... ...N 1 1 0 0 34.12

Figure 4.2. Illustration of the EDA approa
h to optimization.
marked: di�eren
es in the sele
tion s
heme, di�eren
es in the stop 
riterion, et
. As these variations
an be modi�ed and adapted to the basi
 EDA s
heme of Figure 4.1, for ea
h algorithm our maininterest resides in the way they learn the probability distribution of best individuals from whi
h thenext population is sampled.



Estimation of Distribution Algorithms 37It must be noted that the sampling of new individuals from the learned probability distributionin dis
rete domains is performed by the use of Probabilisti
 Logi
 Sampling (PLS) (Henrion, 1988).It �nds an an
estral ordering of the variables in the learned probabilisti
 stru
ture, generating thevalues for the variables following this order.4.3.1 Without dependen
iesThe simplest way to estimate the distribution of good solutions assumes the independen
e betweenthe features of the problem (the terms `variable' and `feature' are used indistin
tly). New 
andidatesolutions are sampled by only regarding the proportions of the values of the variables independentlyto the remaining ones. It is assumed that the n{dimensional joint probability distribution fa
torizesas a produ
t of n univariate and independent probability distributions. That is pl(x) =Qni=1 pl(xi)(see Figure 4.3 for a graphi
al representation). Obviously this assumption is not real in manyoptimization problems, where interdependen
ies between the variables usually exist.

Figure 4.3. Graphi
al representation of the probability model proposed by EDAs without dependen
ies.4.3.1.1 UMDAUMDA (Univariate Marginal Distribution Algorithm) (M�uhlenbein, 1998) estimates the jointprobability distribution of sele
ted individuals in the simplest possible way. That is:pl(x) = p(xjDSel�1) = nYi=1 pl(xi): (4.1)Ea
h univariate marginal distribution is estimated from marginal frequen
ies:pl(xi) = PNj=1 Æj(Xi = xijDSel�1)N (4.2)where Æj(Xi = xijDSel�1) = � 1 if in the jth 
ase of DSel�1, Xi = xi0 otherwise. (4.3)



38 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsAppli
ations and works about UMDA appear in:Alba et al. (2000) in a Feature Subset Sele
tion problem;Blan
o et al. (2001) in a Bioinformati
s problem for the sele
tion of a

urate genes;Rivera (1999) in the 
onstru
tion of a 
lassi�er system;Santana and O
hoa (1999) and Santana et al. (2000) modify the simulation phase;Mahnig and M�uhlenbein (2000) and M�uhlenbein and Mahnig (2000) 
arry out a mathemati
alanalysis of UMDA.4.3.1.2 BSCIn order to estimate the probability distribution of sele
ted individuals, BSC (Bit-Based Simu-lated Crossover) (Syswerda, 1993) takes into a

ount their evaluation fun
tion values. As in the
ase of UMDA, the joint probability distribution is fa
torized as a produ
t of independent univariatemarginal distributions (see Equation 4.1). BSC estimates ea
h marginal distribution proportionallywith respe
t to the evaluation fun
tion of those sele
ted individuals with the spe
i�
 marginal value.That is: pl(xi) = PfxjÆj(Xi=xijDSel�1)=1g ef(x)Pfx2DSel�1g ef(x) : (4.4)Taking into a

ount the meaning of the Æj fun
tion explained in Equation 4.3,PfxjÆj(Xi=xijDSel�1)=1g ef(x) represents the sum of the evaluation fun
tion values of the individualswith value xi in the variable Xi. On the other hand, the term Pfx2DSel�1g ef(x) is the sum of theevaluation value of all sele
ted individuals.Appli
ations and works about BSC appear in:Inza et al. (2001d) in a Feature Subset Sele
tion problem within a medi
al domain;Inza et al. (2002a) in Feature Subset Sele
tion problems of large dimensionality;Roure et al. (2001) in partitional 
lustering task.4.3.1.3 PBILPBIL (Population Based In
remental Learning) (Baluja, 1994; Baluja and Caruana, 1995) rep-resents the population of individuals by a ve
tor of probabilities:pl�1(x) = (pl�1(x1); : : : ; pl�1(xi); : : : ; pl�1(xn)) (4.5)where pl�1(xi) refers to the probability of obtaining a value of 1 in the ith 
omponent of Dl�1,the population of individuals in the (l � 1)th generation. The ve
tor of probabilities is randomlyinitialized in the �rst sear
h generation.At ea
h generation, by simulation of the probability ve
tor pl�1(x), a set ofM individuals, whi
h
an be 
onsidered as the new population, is obtained. Ea
h of these M individuals is evaluated andthe N best of them (N �M) are sele
ted. Sele
ted individuals are denoted them by:



Estimation of Distribution Algorithms 39xl�11:M ; : : : ;xl�1i:M ; : : : ;xl�1N :M :These sele
ted individuals are used, by a Hebbian inspired rule, to update the probability ve
torfrom whi
h the next population of individuals will be sampled:pl(x) = (1� �)pl�1(x) + � 1N NXk=1xl�1k:M (4.6)where � 2 (0; 1℄ is a parameter of the algorithm. In the 
ase that � = 1, PBIL 
oin
ides with UMDA.This pro
ess of adaptation of the ve
tor of probabilities 
ontinues until the ve
tor of probabilitieshas 
onverged. Equation 4.6 is used when problem variables are binary.In order to estimate the joint probability distribution from whi
h the next population of individ-uals is sampled, the major part of EDA approa
hes only takes into a

ount the subset of sele
tedindividuals and dis
ard the subset of not sele
ted individuals. In 
ontrast to this framework, inorder to 
al
ulate the probability ve
tor from whi
h the l-th generation of individiduals is simu-lated, pl(x), it must be noted that PBIL takes into a

ount the probability ve
tor of the l � 1-thgeneration, pl�1(x) (see Equation 4.6).Appli
ations and works about PBIL appear in:Inza et al. (2001d) in a Feature Subset Sele
tion problem within a medi
al domain;H�ohfeld and Rudolph (1997) and Gonz�alez et al. (2000) 
arry out theoreti
al studies aboutPBIL;Maxwell and Anderson (1999) and Gallagher (2000) apply PBIL to the problem of obtainingoptimal weights between nodes in a neural network ar
hite
ture.4.3.1.4 
GASimilarly to PBIL, the essen
e of the 
GA (
ompa
t Geneti
 Algorithm) (Harik et al., 1998)resides in a ve
tor of probabilities, whi
h maintains the way in whi
h the sear
h will be dire
ted.The 
GA algorithm begins by initializing the ve
tor of probabilities for ea
h 
omponent following aBernouilli distribution with parameter 0:5. Next, two individuals are generated randomly from thisve
tor of probabilities. After the individuals are evaluated, a 
ompetition between them is 
arriedout. The 
ompetition is held at the level of ea
h of the unidimensional variables, in su
h a waythat if for the ith position the 
onquering individual takes a value di�erent from the loser, then theith 
omponent of the ve
tor of probabilities in
reases or diminishes by a 
onstant amount whi
hdepends on wheter the ith position of the 
onquering individual was a one or a zero. This pro
ess ofadaptation of the ve
tor of probabilities towards the winning individual 
ontinues until the ve
torof probabilities has 
onverged. Figure 4.4 shows a pseudo
ode for the 
GA in the 
ase of binaryrepresentations (it 
an be easily adapted to larger representation spa
es).4.3.2 Bivariate dependen
iesAlthough the estimation of the probability distribution of best individuals 
an be qui
kly donewithouth assuming dependen
ies among the variables of the domain, this assumption is far fromthe reality in many problems. This 
an be improved, by the aid of se
ond-order statisti
s, trying to
over intera
tions between pairs of variables.



40 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsStep 1. Initialize the probability ve
tor p0(x)p0(x) = p0(x1; : : : ; xi; : : : ; xn) = (p0(x1); : : : ; p0(xi); : : : ; p0(xn)) =(0:5; : : : ; 0:5; : : : ; 0:5)Step 2. l = l+ 1. Sampling pl(x) with l = 0; 1; 2; : : : obtain twoindividuals: xl1;xl2Step 3. Evaluate and rank xl1 and xl2 obtaining:xl1:2 (the best of both) and xl2:2 (the worst of both)Step 4. Update the probability ve
tor pl(x) towards xl1:2for i = 1 to nif xli;1:2 6= xli;2:2 thenif xli;1:2 = 1 then pl(xi) = pl�1(xi) + 1Kif xli;1:2 = 0 then pl(xi) = pl�1(xi)� 1KStep 5. Che
k if the probability ve
tor pl(x) has 
onvergedfor i = 1 to n doif pl(xi) > 0 and pl(xi) < 1 thenreturn to Step 2Step 6. pl(x) represents the �nal solutionFigure 4.4. Pseudo
ode for the 
GA.While for EDA approa
hes that do not 
over dependen
ies among the variables of the domain themodel stru
ture is �xed, for EDA approa
hes that try to 
apture pairwise dependen
ies a stru
turelearning is needed.4.3.2.1 MIMICIn MIMIC (Mutual Information Maximization for Input Clustering) (De Bonet et al., 1997),the joint probability distribution is fa
torized by a 
hain stru
ture. In order to 
arry out this
hain-s
heme fa
torization in ea
h generation, MIMIC sear
hes for the best permutation betweenthe variables in order to �nd the probability distribution, p�l (x), that is 
losest to the empiri
aldistribution of the set of sele
ted individuals, pl(x), when using the Kullba
k-Leibler distan
e,where p�l (x) = pl(xi1 j xi2) � pl(xi2 j xi3) � � � pl(xin�1 j xin) � pl(xin) (4.7)and � = (i1; i2; : : : ; in) denotes a permutation of the indexes of the problem variables (1; 2; : : : ; n).However, the problem of �nding the optimal permutation �� among the variables remains unan-swered. An interesting property to reply to this question is that the Kullba
k-Leibler divergen
ebetween two probability distributions, pl(x) and p�l (x), as expressed in the previous equation, is afun
tion of:



Estimation of Distribution Algorithms 41Step 1. Choose in = argminj ĥl(Xj)Step 2. for k = n� 1; : : : ; 1Choose ik = argminj ĥl(Xj j Xik+1 )j 6= ik+1; : : : ; inStep 3. p�l (x) = pl(xi1 j xi2) � pl(xi2 j xi3) � � � pl(xin�1 j xin) � pl(xin)Figure 4.5. The MIMIC approa
h to estimation of the joint probability distribution at generation l. Thesymbols ĥl(X) and ĥl(X j Y ) denote the empiri
al entropy of X and the empiri
al entropy of X given Yrespe
tively. Both are estimated from DSel .
H�l (x) = hl(Xin) + n�1Xj=1 hl(Xij j Xij+1) (4.8)where h(X) denotes the Shannon entropy of the X variable and h(X j Y ) denotes the Shannonentropy of the variable X when the values of the variable Y are known. In this way, the problemof sear
hing for the best p�l (x) be
omes equivalent to the problem of sear
hing for the permutation�� that minimizes H�l (x). To �nd ��, De Bonet et al. (1997) propose a greedy algorithm. Theidea is to sele
t Xin as the variable with the smallest entropy then, at every following step, to pi
kthe variable {from the set of variables not 
hosen so far{ whose average 
onditional entropy withrespe
t to the variable sele
ted in the previous step is the smallest. A pseudo
ode that fa
ilitatesthe understanding of the exposed probability estimation algorithm 
an be shown in Figure 4.5.Appli
ations and works about MIMIC appear in:Robles et al. (2001) in the Traveling Salesman Problem (TSP);Inza et al. (2002a) in Feature Subset Sele
tion problems of large dimensionality;de Campos et al. (2001) in the partial abdu
tive inferen
e problem in Bayesian networks.4.3.2.2 TREEWe denote by TREE the EDA inspired algorithm that fa
torizes the probability distribution ofsele
ted individuals using a tree stru
tured Bayesian network learned using the algorithm proposedby Chow and Liu (1968). In the original work, the authors 
all the probability estimation algorithmthe Maximum Weight Spanning Tree (MWST). In ea
h generation, TREE indu
es the optimaldependen
y tree stru
ture in the sense that among all possible trees, it learns the probabilisti
 treestru
ture, ptl(x), that best approximates the probability distribution of the set of sele
ted individuals,pl(x). To obtain ptl(x), the authors use the Kullba
k-Leibler 
ross-entropy measure as a distan
e
riterion between pl(x) and ptl(x), that is, DK�L(pl(x); ptl(x)). This distan
e is minimized byproje
ting ptl(x)) on any MWST, where the weight on the bran
h (Xi; Xj) is de�ned by the mutualinformation measure:



42 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsStep 1. Compute the pairwise distributions, pl(xi; xj), for all variable pairsThey are estimated from DSelStep 2. Using the pairwise distributions, 
ompute all n(n � 1)=2 bran
hweights and order them by magnitudeStep 3. Assign the largest two bran
hes to the tree to be 
onstru
tedStep 4. Examine the next{largest bran
h, and add it to the tree unless itforms a loop, in whi
h 
ase dis
ard it and examine thenext{largest bran
hStep 5. Repeat Step 4 until n� 1 bran
hes have been sele
ted (at this pointthe spanning tree has been 
onstru
ted)Step 6. ptl(x) 
an be 
omputed by sele
ting an arbitrary root node andforming the produ
t: ptl(x) =Qni=1 pl(xi j xj(i))Figure 4.6. The TREE approa
h to estimation of the joint probability distribution at generation l.Il(Xi; Xj) = Xxi;xj pl(xi; xj) log pl(xi; xj)pl(xi)pl(xj) : (4.9)Mutual information measures and univariate and bivariate distributions are estimated from theset of sele
ted individuals, DSel . A pseudo
ode that fa
ilitates the understanding of the exposedprobability estimation algorithm 
an be shown in Figure 4.6.Appli
ations and works about TREE appear in:Inza et al. (2001d) in a Feature Subset Sele
tion problem within a medi
al domain;Inza et al. (2002a) in Feature Subset Sele
tion problems of large dimensionality;Sierra et al. (2001a) in a rule indu
tion task.4.3.2.3 COMITBaluja and Davies (1998) propose the COMIT (Combining Optimizers with Mutual InformationTrees) algorithm, whi
h hybridizes the bivariate EDA approa
h with other optimizers. Estimationof the probability distribution of the sele
ted individuals in ea
h generation is done using the treestru
ture approa
h proposed by Chow and Liu (1968) and exposed for the TREE algorithm. A setof new individuals is sampled from the learned probabilisti
 model. The best of these individualsare 
onsidered as initial points for other fast-sear
h pro
edure: Baluja and Davies (1998) use thehill-
limbing and PBIL pro
edures. Some of the best individuals obtained during these fast-sear
hesare added to the individuals sele
ted in the previous generation, to 
reate the new population ofindividuals. The authors show good results for COMIT in di�erent well known problems, su
h asthe Traveling Salesman Problem, the Jobshop S
heduling Problem and the Knapsa
k Problem.4.3.2.4 BMDAPelikan and M�uhlenbein (1999) propose an interesting EDA approa
h that 
aptures bivariatedependen
ies. Their approa
h, BMDA (Bivariate Marginal Distribution Algorithm), is based onthe 
onstru
tion of a dependen
y graph, whi
h is always a
y
li
 but in 
ontrast to the TREE
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essarily have to be a 
onne
ted graph. This dependen
y graph 
an beseen as a set of trees that are not mutually 
onne
ted (a forest of trees). First, an arbitrary variableis 
hosen and added as a node of the graph. Se
ond, in a similar way to Chow and Liu (1968) MWSTalgorithm, it is needed to add to the graph the variable with the greatest dependen
y {measuredby Pearson's �2 statisti
{ between any of the previously in
orporated variables and the set of notyet added variables. This last step is repeated until there is no dependen
y surpassing a previously�xed threshold between already added variables and the rest. If this is the 
ase, a variable is 
hosenat random from the set of variables not yet used. The whole pro
ess is repeated until all variablesare added into the dependen
y graph.In ea
h generation the fa
torization obtained with the BMDA is given by:pl(x) = YXr2Rl pl(xr) YXi2V nRl pl(xi j xj(i)) (4.10)where V denotes the set of n variables, Rl denotes the set 
ontaining the root variable {in generationl{ for ea
h of the 
onne
ted 
omponents of the dependen
y graph, and Xj(i) returns the variable
onne
ted to the variable Xi and added before Xi.The probabilities for the root nodes, pl(xr), as well as the 
onditional probabilities, pl(xi j xj(i)),are estimated from the database, DSel�1, 
ontaining the sele
ted individuals.Pelikan and M�uhlenbein (1999) show good results for BMDA in di�erent ben
hmark �tnessfun
tions.Figure 4.7 shows a graphi
al representation of the probabilisti
 models proposed by EDA ap-proa
hes with pairwise dependen
ies.
MIMIC structure 

TREE structure BMDA structureFigure 4.7. Graphi
al representation of the probability models proposed by EDAs with pairwise depen-den
ies.4.3.3 Multivariate dependen
iesCovering only bivariate intera
tions has shown to be insuÆ
ient to properly solve problems whereintera
tions of order greater than two exist among the variables of the task (Bosman and Thierens,1999; Pelikan et al., 1999). Figure 4.8 shows the basi
 graphi
al representation of the prin
ipal EDAmultivariate approa
hes.In a similar way to bivariate approa
hes, the stru
ture learning pro
ess to 
apture these mul-tivariate dependen
ies is a 
ru
ial task. However, taking into a

ount the evolutionary nature of



44 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelsthe EDA pro
ess, the 
omplexity of the stru
ture learning pro
edure must be 
ontroled to avoid a
omputational overload.4.3.3.1 E
GAHarik (1999) presents the E
GA (Extended 
ompa
t Geneti
 Algorithm). In this algorithm,the variables are divided into a number of inta
t 
lusters whi
h are manipulated as independentvariables in the UMDA. Ea
h 
luster is taken as a whole and di�erent 
lusters are 
onsidered to bemutually independent (see Figure 4.8). It means that, in ea
h generation, the fa
torization of thejoint probability distribution is done as a produ
t of marginal distributions of variable size. Thesemarginal distributions of variable size are related to the variables that are 
ontained in the same
luster and to the probability distributions asso
iated with them. The grouping is 
arried out usinga greedy forward algorithm that obtains a partition between the n variables.The greedy algorithm that 
arries out the grouping begins with a partition with n 
lusters (avariable in ea
h 
luster). Then, the algorithm performs the union of the two variables that resultsin the greatest redu
tion of a measure that 
onjugates the sum of the entropies of the marginaldistributions with a penalty for the 
omplexity of the model based on the minimum des
riptionlength prin
iple (MDL) (Rissanen, 1978).Harik (1999) shows good results for E
GA in di�erent ben
hmark �tness fun
tions.4.3.3.2 FDAM�uhlenbein et al. (1999) present the FDA (Fa
torized Distribution Algorithm), whi
h uses afa
torized distribution as a �xed model throught the whole 
omputation. The FDA is not 
apableof learning the stru
ture of a problem in the 
y, and it needs the fa
torization and de
omposition ofthe task given by an expert. This is usually not available when solving real problems, and thereforethe use of FDA is limited to problems where the stru
ture of the task 
an be at least a

uratelyapproximated. Distributions 
ontain marginal and 
onditional probabilities whi
h are updateda

ording to the 
urrently sele
ted subset of best solutions. The authors show the superiority of theFDA in problems where the given model is 
orre
t and de
omposable in the exposed form.4.3.3.3 BOAPelikan et al. (1999) present the BOA (Bayesian Optimization Algorithm) pro
edure, whi
h usesBayesian networks to estimate the probability distribution of sele
ted individuals. A s
ore+sear
hpro
edure is used to 
onstru
t the Bayesian network stru
ture by means of the BDe (He
kermanet al., 1995) s
ore metri
 and the B sear
h algorithm (Buntine, 1991) (starting in ea
h generationfrom s
rat
h). A 
omplexity 
ontrol fa
tor is used, 
onstraining the maximum number of parentsof a node in the Bayesian network.Several works (Pelikan et al., 1999; Pelikan and Goldberg, 2000; S
hwarz and O
enasek, 1999)show good results for BOA in di�erent kinds of domains.4.3.3.4 EBNAEtxeberria and Larra~naga (1999) propose the EBNA (Estimation of Bayesian Networks Algo-rithm), where the fa
torization of sele
ted individuals in ea
h EDA generation is performed by aBayesian network. In the �rst EBNA implementation a s
ore+sear
h pro
edure was used to 
on-stru
t the Bayesian network stru
ture by means of the BIC (S
hwarz, 1978) s
ore metri
 and the Bsear
h algorithm (Buntine, 1991) (starting in ea
h generation from s
rat
h). Figure 4.9 shows thegeneral pro
edure of EBNA.
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FDA EBNA, BOA EcGAFigure 4.8. Graphi
al representation of the probability models proposed by EDAs with multiple depen-den
ies. EBNABN0  (M0,�0)D0  Sample N individuals from BN0repeat for l = 1; 2; : : : until a stop 
riterion is metDSel�1  Sele
t N �M individuals from Dl�1 a

ording to a sele
tion methodM̂l  Find the stru
ture whi
h maximizes BIC(Ml; Dsl�1)�l  Cal
ulate f�lijk = Nl�1ijk +1Nl�1ij +ri g using Dsl�1 as the data setBNl  (M̂l,�0)Dl  Sample M individuals from BNl using PLSFigure 4.9. EBNA basi
 s
heme.Two variations of this basi
 EBNA s
heme appear in the literature, proposing other approa
hesfor the 
onstru
tion of the Bayesian networks:instead of the BIC metri
, a penalization of the K2 s
ore is proposed (Larra~naga et al., 2000b).In this way, the number of parents that one node 
an have is bound;by the testing of 
onditional (in)dependen
ies the PC algorithm (Spirtes et al., 1991) is proposedto 
onstru
t the Bayesian network.Appli
ations and works about EBNA appear in:Inza et al. (2000) in Feature Subset Sele
tion problems of medium dimensionality;Inza et al. (2001
) in Feature Weighting problems for K-NN;Sierra et al. (2001a) in a rule indu
tion task;Robles et al. (2001) in the Traveling Salesman Problem.Lozano et al. (2001) propose a parallel version of EBNA;Bengoetxea et al. (2002) in the graph mat
hing task.



46 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Models4.4 EDA approa
hes in 
ontinuous domainsAlthough the EDA paradigm in 
ontinuous domains is not extensively used in this dissertation,the basi
 and prin
ipal EDA approa
hes that appear in the literature for 
ontinuous domains arereviewed in this se
tion. The se
tion is similarly organized to the previous one, grouping di�erentapproa
hes by the 
omplexity of the 
overed interdependen
ies between the variables of the domain.In this way, the literature in
ludes approa
hes where the density fun
tion is fa
torized as a produ
tof n univariate marginal densities, approa
hes that use two order densities and those that 
onsidermultivariate dependen
ies.It must be noted that the sampling of new individuals from the learned density fun
tion in
ontinuous domains is performed by the use of the 
ontinuous version of Probabilisti
 Logi
 Sampling(PLS) (Henrion, 1988).4.4.1 Without dependen
iesThe simplest way to estimate the distribution of sele
ted solutions does not take into a

ountdependen
ies between the variables of the problem. In this kind of domains with 
ontinuous vari-ables, it is assumed that the joint density fun
tion follows a n-dimensional normal distribution,whi
h is fa
torized by a produ
t of unidimensional and independent normal densities. Using themathemati
al notation, X � N (x;�;P), this 
an be formulated in the following form:fN (x;�;P) = nYi=1 fN (xi;�i; �2i ) = nYi=1 1p2��i e� 12 ( xi��i�i )2 : (4.11)4.4.1.1 UMDA
Larra~naga et al. (1999) and Larra~naga et al. (2000) introdu
e the UMDA
 (Univariate MarginalDistribution Algorithm) pro
edure for 
ontinuous domains. In order to �nd the density fun
tionthat best �ts ea
h variable of the domain, in ea
h EDA generation and for every variable a set ofstatisti
al tests is 
arried out. In spite of the dis
rete 
ase of the UMDA pro
edure, in UMDA
 astru
ture identi�
ation approa
h is 
arried out, identifying the density 
omponents of the model viahypothesis tests. On
e the density fun
tions are identi�ed, the estimation of the asso
iated param-eters is performed by their maximum likelihood estimates. In the parti
ular 
ase that all univariatedistributions are normal, the pro
edure is known as UMDAG
 (Univariate Marginal DistributionAlgorith for Gaussian models). Gonz�alez et al. (2002) present a theoreti
 study of this algorithm.4.4.1.2 SHCLVNDSHCLVND (Sto
hasti
 Hill Climbing with Learning by Ve
tors of Normal Distributions) (Rudlofand K�oppen, 1996) estimates the joint density fun
tion as a produ
t of unidimensional and inde-pendent normal densities. The ve
tor of means � = (�1; :::; �i; :::; �n) is adapted by means of theHebbian rule: �(l+1) = �l + � � (bl � �l) (4.12)where �(l+1) denotes the ve
tor of means in the generation l + 1, � denotes the learning rate, andbl denotes the bari
enter of the N (an amount �xed at the beginning) best individuals in the lthgeneration. Adaptation of the ve
tor of varian
es � is 
arried out using a redu
tion poli
y in thefollowing way:



Estimation of Distribution Algorithms 47�(l+1) = �l � � (4.13)where � denotes a previously �xed 
onstant (0 < � < 1).4.4.1.3 PBIL
Sebag and Du
oulombier (1998) present the 
ontinuous version of the PBIL algorithm for 
ontin-uous spa
es, named PBIL
. As in the 
ase of SHCLVND, PBIL
 also assumes that the joint densityfun
tion follows a Gaussian distribution fa
torizable as a produ
t of unidimensional and indepen-dent marginal densities. The adaptation of ea
h 
omponent of the ve
tor of means is 
arried outusing the following formula:�(l+1)i = (1� �) � �(l)i + � � (xli;1:N + xli;2:N � xli;N :N ) (4.14)where �(l+1)i represents the ith 
omponent of the mean, �(l+1), at generation (l + 1), andxli;1:N ((xli;2:N )(xli;N :N )) denote the i-th 
omponent of the best ((se
ond best) (worst)) individual ofthe generation l, and � is a 
onstant. See the work of Sebag and Du
oulombier (1998) for the detailsof four heuristi
s for the adaptation of the ve
tor of varian
es.4.4.1.4 Servet et alServet et al. (1997) introdu
e a progressive approa
h to estimate the univariate density fun
tions.At ea
h generation, and for ea
h dimension i, an interval (ail; bil) and a real number zil (i = 1; : : : ; n)are stored. zil represents the probability that the ith 
omponent of a solution is on the right half ofthe previous interval. In every generation the probabilities, zil, for ea
h dimension are 
al
ulated,and when zil is 
loser to 1(0) than a previously �xed quantity, the interval is redu
ed to its right(left) half.4.4.2 Bivariate dependen
ies4.4.2.1 MIMICG
As far we know, the unique bivariate approa
h in 
ontinuous domains is the MIMICG
 (MutualInformation Maximization for Input Clustering) (Larra~naga et al., 1999; Larra~naga et al., 2000)pro
edure. It 
onstitutes an adaptation of the MIMIC algorithm proposed by De Bonet et al.(1997) for this kind of problems. The underlying probability fun
tion for every pair of variables isassumed to follow a bivariate Gaussian fun
tion.As in the 
ase of MIMIC algorithm for dis
rete domains, the joint density fun
tion is fa
torizedby a 
hain stru
ture, �tting the model as 
losely as possible to the empiri
al data by using only oneunivariate marginal density and n � 1 pairwise 
onditional density fun
tions. See Larra~naga andLozano (2001) for details in the stru
ture learning of MIMICG
 .4.4.3 Multivariate dependen
iesThe literature shows two approa
hes for 
ontinuous domains in whi
h the density fun
tion learntat ea
h EDA generation is not restri
ted: multivariate normal density fun
tions and Gaussiannetworks.
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 Graphi
al ModelsEGNAFor l = 1; 2; : : : until the stopping 
riterion is metDSel�1  Sele
t N individuals from Dl�1(i) Ŝl  Stru
tural learning via:Bayesian s
ore+sear
h ! EGNA(ii) �̂l  Cal
ulate the estimates for theparameters of Ŝl(iii) Ml  (Ŝl; �̂l)(iv) Dl  Sample M individuals from Ml using the
ontinuous version of the PLS algorithmFigure 4.10. EGNA basi
 s
heme.4.4.3.1 EMNALarra~naga et al. (1999) present the EMNA (Estimation of Multivariate Normal Algorithm)pro
edure, where the fa
torization of sele
ted individuals in ea
h EDA generation is performed bya multivariate normal density fun
tion. The estimation of the ve
tor of means and the varian
e-
ovarian
e matrix is performed by their maximum likelihood estimates.The authors propose two variations of this basi
 s
heme for the 
onstru
tion of the multivariatenormal density fun
tion:in an adaptive version of the basi
 EMNA, the 
ow of the population resembles a steady-stateGA. After a new individual is simulated from the 
urrent multivariate normal density model, itsevaluation fun
tion is 
ompared with the goodness of the worst individual of the population. Ifthe �tness of the new individual is better than the �tness of the worst one, this worst individualis repla
ed in the population by the newly simulated one. When a repla
ement o

urs, theasso
iated parameters of the multivariate normal density fun
tion must be updated;in an in
remental approa
h of the basi
 EMNA one individual is also generated from ea
h model.The di�eren
e with respe
t to the adaptive approa
h is that ea
h simulated individual is added tothe population without any restri
tion. In this way, the amount of individuals in the populationin
reases as the algorithm evolves.4.4.3.2 EGNALarra~naga et al. (1999) and Larra~naga et al. (2000) propose the EGNA (Estimation of GaussianNetworks Algorithm), where the fa
torization of sele
ted individuals in ea
h EDA generation isperformed by a Gaussian network. In the �rst EGNA implementation a Bayesian s
ore+sear
hpro
edure was used to 
onstru
t the Gaussian network stru
ture by means of the BGe (Geigerand He
kerman, 1994) s
ore metri
 and the B sear
h algorithm (Buntine, 1991) (starting in ea
hgeneration from s
rat
h). Figure 4.10 shows the general pro
edure of EGNA.Two variations of this basi
 EGNA s
heme appear in the literature, proposing other approa
hesfor the 
onstru
tion of the Gaussian networks:instead of the BGe metri
, a penalized maximum likelihood s
ore based on the BIC 
riterion(S
hwarz, 1978) is used;
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lusion tests, as explained in Chapter 3, is proposed to 
onstru
t the Gaussiannetwork.Appli
ations and works about EGNA appear in:Cotta et al. (2001) in the task of adjusting weights for arti�
ial neural networks;Inza et al. (2001
) in Feature Weighting problems for K-NN;Mendiburu and Lozano (2001) in the Job Shop s
heduling problem.4.5 SummaryIn this 
hapter the EDA paradigm has been presented, a novel tool for evolutionary 
omputation.First, the prin
ipal reasons that motivated its apparition have been introdu
ed, so 
losely relatedwith an attempt to over
ome several known drawba
ks of GAs.The prin
ipal EDA approa
hes for dis
rete and 
ontinuous domains that appear in the literaturehave been presented, with spe
ial emphasis on dis
rete ones. Approa
hes have been divided withrespe
t to the order of the variable relationships they 
over. For ea
h approa
h, theoreti
al andpra
ti
al referen
es have been pointed out.





Chapter 5Representing the Joint Behaviour of Supervised LearningAlgorithms by Bayesian Networks
5.1 Overview of the 
hapterIn this 
hapter, an approa
h to study, in a joint manner, the nature of the 
lassi�
ation modelsindu
ed by a large set of well known supervised Ma
hine Learning algorithms is proposed. Asthe obje
tive is not to dis
over whi
h 
lassi�er indu
es the most a

urate 
lassi�
ation model in aspe
i�
 domain, the 
lassi�er's a

ura
y will not be used to 
hara
terize the nature of the indu
ed
lassi�
ation model. Instead of the predi
tive a

ura
y, with the use of Bayesian networks, thevalues of the 
lass labels predi
ted by a set of supervised 
lassi�ers will be jointly studied. Using the
onditional independen
ies expressed by the Bayesian networks, assertions about the joint behaviourand nature of 
lassi�
ation models indu
ed by a large set of supervised Ma
hine Learning paradigmswill be extra
ted.After a brief introdu
tion about the motivations of this 
hapter, the 
hara
teristi
s of the proposedmodelization pro
ess will be presented. By the use of the 
onditional independen
e 
on
ept, threekinds of relations among the 
lassi�
ation models will be studied. After the presentation of theserelations, the results obtained over a set of medi
al datasets will be exposed.This 
hapter is an adaptation and extension of the work by Inza et al. (1999).5.2 Motivation: a

ura
y versus 
lass labelWithin the Ma
hine Learning dis
ipline, in the 80's and 90's, there has been a 
onsiderablegrowth in the number of available supervised 
lassi�
ation algorithms (Mit
hell, 1997). Nowadays,in an attempt to dete
t the 
lassi�
ation pro
edure whi
h biases are best suited to the data, theuser is frequently fa
ed with the problem of sele
ting the ideal algorithm for a spe
i�
 dataset.However, the ambitious obje
tive of generating or sele
ting a unique winner algorithm for all taskshas been reje
ted by the empiri
al eviden
e of the `No Free Lun
h Theorem' (Kohavi and John,1997). The sele
tion of the `best' algorithm, usually only based on the error per
entage, had thee�e
t of mainly fo
using the attention of the Ma
hine Learning 
ommunity on predi
tive a

ura
y.A no-end 
areer 
an be felt in Ma
hine Learning, with the aim of 
onstru
ting the algorithm with thehighest predi
tive a

ura
y for ea
h dataset. In this way, Clark (1998) mentioned us the obsessionof the Ma
hine Learning 
ommunity with summary statisti
s, and a

ura
y in spe
ial.Our obje
tive is not to 
ompare or study supervised learning algorithms from the point of viewof their goodness. Our aim is to study the nature of the models indu
ed by supervised learning51
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ation based on Probabilisti
 Graphi
al Modelsalgorithms. In this way, the error or the a

ura
y per
entage of the generated model is not theappropiate referen
e to guide the study. Instead of the predi
tive a

ura
y, the 
lass predi
tionsare used as the external expression of the model indu
ed by the supervised learning algorithm. Theprobability distribution of the 
lass predi
tions of a set of well known learning algorithms over adataset are studied in a joint manner by means of a Bayesian network, displaying the joint behaviourand the relations between the models indu
ed by the algorithms.5.3 Methodology5.3.1 Learning algorithms and datasetsFourteen well known supervised learning algorithms are used in the experimentation pro
ess.Algorithms with di�erent biases, many of them arising from traditional Ma
hine Learning paradigmfamilies. This is the list of sele
ted algorithms (see Chapter 2 for details about them): ID3, C4.5,OC1, T2, NB, NBTree, HOODG, IB1, IB4, PEBLS, Table-Majority, OneR, CN2 and Ripper. Someof them 
an be grouped in the following Ma
hine Learning paradigm families (Mit
hell, 1997):De
ision-Trees (DT): Quinlan's de
ision tree 
lassi
 algorithms, ID3 and C4.5;Simple-Trees (ST): one-depth (OneR) and two-depth (T2) simple 
lassi�
ation trees, both in-spired in the PAC-learning theory. They minimize the number of errors in the training set, basedon their 
onstraints;K-NN (K-NN): algorithms based on the Nearest Neighbor paradigm, IB1 and IB4;De
ision-Rules (DR): 
lassi
 IF-THEN de
ision rule algorithms, Ripper and CN2;simple Bayesian Classi�ers (BC) that assume the independen
e of the features to predi
t the
lass: NB and NBTree.Although the rest of the algorithms (OC1, HOODG, PEBLS, Table-Majority) 
ould be related insome way with several of the exposed families, based on their biases and 
lassi
 Ma
hine Learningreview texts (Mi
hie et al., 1994; Mi
halski et al., 1998; Mit
hell, 1997), these relations are not
onsidered `solid' or `strong' enough to in
lude the algorithms in a spe
i�
 family or to form a newone.In an attempt to perform an homogeneous study, eleven medi
al databases from the UCI Ma
hineLearning Repository (Murphy, 1995) are sele
ted. As in this work there is not an `a

ura
y' or`goodness' measure of the obtained results, the sele
tion of the datasets from a spe
i�
 domain(medi
al, in this 
ase) 
ould be a way to in
rease the 
oheren
e and robustness of the study andits results. Sele
ted datasets are: Breast 
an
er, Breast 
an
er (Wis
onsin), Cleveland, Diabetes(Pima), E
ho
ardiogram, Heart disease, Hepatitis, Hungarian, Hypothyroid, Liver (BUPA) andLymphography. See Chapter 2 for more details about the domains.5.3.2 Modelization by Bayesian networks and the simpli�
ationpro
essOn
e the problem domains and learning algorithms to be studied are �xed, the pro
ess to extra
tassertions about the joint behaviour and nature of learning pro
edures 
an be explained.All datasets are split in training and test data in a 2 : 1 proportion. For ea
h domain andalgorithm, a 
lassi�
ation model is indu
ed using the training set. The model indu
ed from thetraining set is used to 
lassify the instan
es of the test set, and then, the 
lass label predi
tions for
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es are saved in a new working �le (or matrix). In this way, when all proposedalgorithms are run over a dataset, a new �le 
an be 
onstru
ted where the rows represent theinstan
es of the test set and the 
olumns represent the learning algorithms: thus, the (i; j) positionof the 
onstru
ted �le shows the 
lass label predi
tion made by the j-th learning algorithm for thei-th test instan
e.For a domain, ea
h 
olumn of this �le shows the 
lass labels predi
ted by a spe
i�
 
lassi�
ationmodel for all test instan
es. On the other hand, ea
h row of the �le shows the 
lass labels predi
tedby all the 
lassi�
ation models for a test instan
e. It must be noted that the real 
lass label of ea
htest instan
es does not appear in this �le; neither does any a

ura
y measure of ea
h model. This�le 
an be a solid point to start the study of the joint behaviour of proposed supervised learningalgorithms. In an intuitive way, it 
an be assumed that this �le saves the nature and the behaviourof the studied 
lassi�ers in the proposed �les.The MLC++ library of programs (Kohavi et al., 1997b) is used to exe
ute the supervised learningalgorithms. All algorithms are run with their default parameters. It must be noted that when analgorithm exe
ution is performed with a set of �xed parameters, this pro
ess is deterministi
 for allalgorithms ex
ept for OC1. No spe
ial treatment for missing values is 
arried out, exploiting forea
h algorithm its own 
hara
teristi
s. As PEBLS and HOODG algorithms are not able to handlemissing values, they are only exe
uted in the four datasets without missing values (Diabetes, Heartdisease, Liver and Lymphography).The 
onstru
ted �le is used as the input to automati
ally indu
e a Bayesian network. The networkstru
ture is indu
ed by a s
ore+sear
h pro
edure. The implementation proposed in Larra~naga etal. (1996) is used: with the Bayesian K2 metri
, the sear
h is 
ondu
ted by an elitist Geneti
Algorithm, hibridyzed with a lo
al optimizer.After the indu
tion of the Bayesian networks, we dis
overed that the network stru
tures had aextremely high level of 
onne
tivity, presumably indi
ating an `over�tting' to the data (Quinlan,1989). This 
ould be due to the fa
t that ten of eleven experimented datasets (all ex
ept Hypothy-roid) have less than 300 test instan
es (this absen
e of data is a typi
al 
hara
teristi
 in medi
aldomains). As these highly 
onne
ted stru
tures (we will know it as the `over�tted' stru
ture) arenot an appropriate starting point to extra
t assertions about the possible 
onditional independen
ein
iden
es among the learning algorithms, an intuitive simpli�
ation pro
ess of the network stru
-ture is 
ondu
ted in ea
h domain (due to the large number of instan
es of the Hypothyroid domain,this simpli�
ation pro
edure is not needed for this dataset):an ordered list of the ar
s appearing in the `over�tted' network is assembled. The order re
e
tsthe in
uen
e of the ar
 in the overall K2 metri
 of the network stru
ture: the in
uen
e of ea
har
 is 
al
ulated by the di�eren
e of subtra
ting to the K2 s
ore of the `over�tted' stru
ture theK2 s
ore value of the `over�tted' stru
ture when the studied ar
 is removed;half of the most in
uen
ial ar
s are maintained. Half of the least in
uen
ial ar
s are removed;then, a Re
over pro
edure is started for the removed ar
s: taking into a

ount two of the leastimportant ar
s maintained in the network, we 
onsider re
overing the removed most importantar
. If the in
uen
e of this removed ar
 is smaller than half of the mean of the in
uen
e ofthe two least important ar
s maintained then, the Re
over pro
edure is stopped. Otherwise, theremoved ar
 is re
overed in the network and the re
overing of the next removed ar
 is 
onsidered(taking into a

ount the ar
 re
ently re
overed in the network stru
ture). Continue until stop.



54 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Models
..       ........................................................
..       ........................................................

Bayesian 
network

Structural learning

score (K2 metric)
         +
search (Genetic algorithm)

Simplified
Bayesian
network

simplification

process

        ID3     C4.5      IB1 .................    oneR

1      class1  class2   class1 ...............  class1        
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Figure 5.1. Proposed modelization pro
ess for ea
h dataset. We start from the 
lass predi
tions of Ma
hineLearning indu
ers for the test instan
es. Let assume that N is the number of instan
es in test set, fromwhi
h the Bayesian network is indu
ed.

Figure 5.2. Simpli�ed Bayesian network for the Breast 
an
er domain.With this simpli�
ation pro
edure, interpretable stru
tures are a
hieved. Intuitively testing thesigni�
an
e degree of ea
h ar
 in the network stru
ture, the Re
over pro
edure 
an be seen as aheuristi
 of the likelihood ratio statisti
 test. Starting from the �le with the predi
tions of the
lassi�ers for the test set of a spe
i�
 domain, Figure 5.1 summarizes the explained pro
ess. It mustbe noted that this pro
ess is individually performed for ea
h domain. As two examples, the indu
edsimpli�ed Bayesian network graphi
al stru
tures for Breast 
an
er and Cleveland domains 
an beseen in Figures 5.2 and 5.3, respe
tively.Experiments are run on a SUN-SPARC ma
hine and Hugin software (Andersen et al., 1989) isused for the management of Bayesian networks.5.3.3 Con
epts for interpreting the joint behaviour of 
lassi�ersOn
e the Bayesian networks are indu
ed, our aim is to extra
t assertions and guidelines aboutthe joint behaviour of Ma
hine Learning indu
ers: assertions on the similarities and dissimilarities
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Figure 5.3. Simpli�ed Bayesian network for the Cleveland domain.among 
lassi�
ation models, using the possibility of studying the models in the joint manner o�eredby Bayesian networks. As Bayesian networks' semanti
 is based on the 
onditional (in)dependen
e
on
ept, three variations or adaptations of this 
on
ept are used to extra
t assertions about therelations between the nature of the 
lassi�
ation models indu
ed by studied supervised learningalgorithms. In the next lines these 
on
epts are explained.5.3.3.1 Hard 
onditional independen
eAs hard 
onditionally independent we 
onsider a learning algorithm that in a Bayesian network,given another algorithm, is 
onditionally independent of the rest of the algorithms. That is:Let W represent the whole set of algorithms. Classi�er X is hard 
onditionally independentgiven algorithm Y if and only if I(X;W n fX;ZgjY ) o

urs for any algorithm Z.This 
ondition does not easily o

ur in a Bayesian network. It implies that, giving only anotheralgorithm, the hard 
onditionally independent one has a di�erent behaviour regarding the otheralgorithms. From the point of view of Bayesian networks and probability distributions, it 
anbe 
onsidered that the hard 
onditionally independent algorithm 
reates an `original' 
lassi�
ationmodel regarding the other algorithms: it has little relation to the models generated by the majorpart of the other algorithms, re
e
ting a di�erent behaviour with respe
t to them. The probabilitydistribution of its 
lassi�
ation model needs just another algorithm to be explained in the wholerepresentation of probability distributions indu
ed by the Bayesian network.5.3.3.2 Conditional independen
e in a proposed family of algorithmsOur aim is also to study, in a joint manner, the `union-degree' of a proposed family of learning al-gorithms. Five family sets proposed in this 
hapter are studied: De
ision-Trees (DT), Simple-Trees(ST), K-NN, De
ision-Rules (DR) and simple Bayesian 
lassi�ers (BC). The 
onditional indepen-den
e between two algorithms of the same family given another algorithm from a di�erent family isstudied in the indu
ed Bayesian networks. That is:
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ation based on Probabilisti
 Graphi
al ModelsLet X;Y and Z be three di�erent algorithms and X and Y be from the same family and Z fromanother family. Is I(X;Y jZ) true or is D(X;Y jZ) true?This type of 
onditional independen
e implies a serious di�eren
e between the probability distri-butions of both algorithms of the same family. From the point of view of Bayesian networks andprobability distributions, when this property o

urs in a family, it 
an be 
onsidered that the 
las-si�
ation models of both algorithms of the family show signi�
ant di�eren
es. This kind of relationgives us an idea about the `
ompa
tness' (or similarity degree) between algorithms of a proposedfamily. It 
an be a way to analyze the `solidity' of the families of algorithms traditionally proposedin the literature.5.3.3.3 Conditional independen
e between proposed familiesUsing the proposed family de�nitions, our aim is to study the 
onditional independen
e of all thelearning algorithms of a family on all the algorithms of another family, given any group of algorithmswhi
h do not belong to any of the 
ompared families. That is:Let X and Y be two families of algorithms and let Z represent the rest of the algorithms. Thequestion is whether X and Y are 
onditionally independent, given any subset of Z.This 
onditional independen
e between proposed families means that given any set of algorithmsthat do not belong to any of the 
ompared families, the probability distribution of ea
h 
omponentof a family does not need the probability distribution of any 
omponent of the other family to beexplained. From the point of view of Bayesian networks and probability distributions, this kindof relation gives us an idea about the `dissimilarity' and `similarity' between proposed algorithms'families.5.4 Results from indu
ed Bayesian networksThese three types of 
onditional (in)dependen
es are studied in the set of indu
ed Bayesian net-works, one for ea
h of the proposed eleven medi
al datasets. As we do not work with a

ura
yper
entages (or any other kind of metri
), 
on
lusions 
an not be extra
ted in the form of 
ompar-isons between a

ura
y per
entages. Based on the amount of domains a learning algorithm or aset of algorithms presents one of the explained 
onditional independen
e 
on
epts, assertions andtenden
ies about di�erent types of behaviours among studied algorithms 
an be extra
ted. In thisway, these assertions 
an be formulated in a 
omparative manner between (sets of) algorithms,based on the amount of datasets (Bayesian networks) that a (set) of learning algorithm(s) showsthe proposed 
onditional (in)dependen
e relation 
on
epts. It must be noted that the extra
ted
on
lusions and assertions are restri
ted to the experimented domains.5.4.1 Hard 
onditional independen
eThe next list shows the number of Bayesian networks where ea
h learning algorithm shows thehard 
onditionally independent property:ID3: 7;Table-Majority: 6;IB1, OneR, IB4, T2: 5;NBTree, C4.5, Ripper: 3;CN2, NB: 2;
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using our attention on the extremes of the list, two types of behaviours with respe
t to theexposed property 
an be marked:the trend of perfe
t memorizer algorithms1(ID3 de
ision tree, IB1 and IB4 nearest neighboralgorithms and Table-Majority) and ST algorithms (OneR and T2) to show more times thanthe rest of the algorithms the hard 
onditionally independent property must be noted. Thesealgorithms tend to appear with few 
onne
tions in the learned Bayesian networks.Perfe
t memorizers tend to form `original' 
lassi�
ation models with respe
t to the major partof algorithms. It seems that the absen
e of a pruning me
hanism to `smooth' the model di�er-entiates these algorithms from the rest.Similar assertions 
an be extra
ted from the behaviour of ST algorithms. These algorithms
onstru
t very simple models (OneR with a single feature and T2 with a pair of attributes),pruning and smoothing their 
lassi�
ation rules in a large degree. It seems that the use ofa powerful pruning me
hanism, indu
ing very simple 
lassi�
ation rules, di�erentiates thesealgorithms from the rest;the previous behaviour 
ontrast with the nature of the models indu
ed by BC 
lassi�ers (NBand NBTree) and algorithms that in
orpore 
lassi
 pruning strategies (OC1, C4.5, Ripper andCN2), pruning pro
edures not as strong as ST algorithms' ones. These algorithms show thehard 
onditionally independent property in a lesses degree than perfe
t memorizers and STpro
edures. They mainly appear with a higher number of 
onne
tions than perfe
t memorizersand ST algorithms in the indu
ed Bayesian networks.They do not tend to form `original' 
lassi�
ation models with respe
t to the major part ofalgorithms. It seems that the Bayesian nature and the pruning me
hanism of these pro
eduresdo not di�erentiate them from the rest.5.4.2 Conditional independen
e in a proposed family of algorithmsThe next lists shows the number of Bayesian networks where both algorithms of a family are
onditionally independent, given at most one algorithm of another family:DT: 7;ST: 7;DR: 7;K-NN: 3;BC: 3.Fo
using our attention on the extremes of the list, two types of behaviours with respe
t to theexposed property 
an be marked:DT, ST and DR families show a lower degree of `
ompa
tness' or similarity between their 
om-ponent algorithms than K-NN and BC families.ID3 and C4.5 algorithms (DT fammily) tend to indu
e signi�
antly di�erent 
lassi�
ation modelsin many datasets. As the main di�eren
e between both algorithms is the existen
e of a pruning
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al Modelsme
hanism (C4.5 uses it and ID3 not), it seems that the use of the pruning pro
edure is thefundamental reason to di�erentiate the behaviour of this pair of familiar algorithms.OneR and T2 algorithms (ST family) tend to indu
e signi�
antly di�erent 
lassi�
ation modelsin many datasets. As the main di�eren
e between both algorithms is that OneR uses a singlefeature to indu
e the model (one-depth tree) and T2 sele
ts a pair of attributes (two-depthtree), it seems that the use of the se
ond variable (se
ond stage in the 
lassi�
ation tree) is thefundamental reason to di�erentiate the behaviour of this pair of familiar algorithms.CN2 and Ripper algorithms (DR fammily) tend to indu
e signi�
antly di�erent 
lassi�
ationmodels in many datasets. Although both algorithms are very similar and both in
orpore apruning strategy, their prin
ipal di�eren
e is that CN2 pre-prunes the rules and Ripper post-prunes them. In the greedy 
onstru
tion of ea
h IF-THEN rule, CN2 analyzes the signi�
an
edegree of a new attribute in the 
ondition part by the use of statisti
al tests. On the other hand,Ripper largely expands the 
ondition part of the rules in a �rst stage, post-pruning them in ase
ond stage. It seems that these pre or post pruning me
hanisms are the fundamental reasonto di�erentiate the behaviour of this pair of familiar algorithms;previous families 
ontrast with K-NN and BC families, whi
h show a more `
ompa
t' or similarbehaviour between their 
omponent algorithms.Although the main di�eren
e between NB and NBTree algorithms (BC family) is that NBTree�rst segments the set of instan
es by a tree stru
ture, it does not seem that this segmentation isenough to di�erentiate in a large part of the datasets the behaviour of both Bayesian algorithms.Although the main di�eren
e between IB1 and IB4 algorithms (K-NN) family is that IB4 in
or-pores a feature weighting me
hanism, it does not seem that this weighting pro
edure is enoughto di�erentiate in a large part of the datasets the behaviour of both K-NN algorithms.5.4.3 Conditional independen
e between proposed familiesThe next lists shows the number of Bayesian networks where 
onditional independen
es betweenfamilies of algorithms appear2:I(BC, ST j {): 7I(DT, K-NN j {): 6I(ST, DT j {): 5I(ST, DR j {): 5I(BC, DT j {): 5I(BC, K-NN j {): 4I(DR, K-NN j {): 3I(ST, K-NN j {): 3I(DR, BC j {): 3I(DT, DR j {): 2Fo
using our attention on the extremes of the list, the following behaviours 
an be marked:
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an be pointed out.This related behaviour 
an have its roots in the top-down way where all DT and DR algorithmssplit the training instan
es to form the 
lassi�
ation model.The related behaviours between the DR vs. BC, ST vs. K-NN and DR vs. K-NN pairs offamilies 
an be also marked;the notable di�erent behaviour between the BC vs. ST and DT vs. K-NN pairs of families 
anbe marked.Regarding the former list, for ea
h family, assertions about its most similar and dissimilar families
an be dire
tly extra
ted.5.5 Summary and future workFrom an homogeneous set of databases, a study of the joint behaviour of the predi
tions made bya set of Ma
hine Learning algorithms is 
arried out. Bayesian networks, indu
ed from the learningalgorithms 
lass label predi
tions, were used to study the behaviour of a set of known algorithms.From the obtained Bayesian networks, guided by the 
onditional independen
e 
on
ept, propertiesof the algorithms and relations between the probability distributions of the 
lassi�
ation modelsindu
ed by di�erent algorithms were found. Three di�erent types of relations, adaptations of the
onditional independen
e 
on
ept, have been studied:given an algorithm, the 
onditional independen
e of another algorithm with the rest of algo-rithms;
onditional independen
e of two algorithms of the same family, given another algorithm fromanother family;
onditional independen
e between families of algorithms, given any set of algorithms that do notbelong to any of the 
onsidered families.As future work, the use of unsupervised hierar
hi
al 
lassi�
ation (Lozano, 1998) 
an be usedover the set of predi
tions of 
lassi�ers to determine 
lusters or new families of algorithms. Anotherinteresting way 
ould be the use of statisti
al tests to study the relations among the indu
ed models.In this way, the indu
tion of the Bayesian networks by the dete
tion of 
onditional independen
ies(de Campos, 1998) 
ould be an interesting approa
h.Another ex
iting resear
h way 
ould be to study the relation between these di�eren
es in the jointbehaviour of the learning algorithms and the su

ess of the 
ombination of 
lassi�ers (Dietteri
h,1997; Sierra, 2000), whi
h usually improve the 
lassi�
ation a

ura
y per
entage of single 
lassi�ers.Based on the a-priori studied joint behaviour of supervised algorithms, it 
ould be an interestingway to de
ide whi
h 
ombinations of single learning algorithms 
ould form a su
essful ensamble
lassi�ers.The use of this type of relationships in the �eld of geneti
 networks 
ould be an ex
iting way.As Bayesian networks, geneti
 networks show the probabilisti
 relationships of a set of genes, whi
hare represented by variables (or nodes) in the network stru
ture. In the Bioinformati
s dis
ipline,the dis
over of the intera
tions and relations among genes is a 
ru
ial point.
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsNotes1. OC1 in
orporates a randomized 
omponent to form splitting hyperplanes: in the datasets tested, predi
tions ofdi�erent 10 runs are nearly the same. The algorithm is run 10 times for ea
h datasets, and the predi
tions of arandomly sele
ted run are used.2. Perfe
t memorizer algorithms' prin
ipal property is that they are very faithful with respe
t to the training set: inorder to indu
e the model, pruning or smoothing me
hanisms are used in a small degree (or they do not exist).K-NN algorithms are the 
lassi
 representants of perfe
t memorizers: a model itself does not exist and traininginstan
es are maintained to be mat
hed with further test instan
es. Table-majority operates in a similar way thanK-NN algorithms. Although ID3 has a soft pre-pruning me
hanism, it tends to form large trees, 
onstru
tingleaves with instan
es of an unique 
lass (in spite of very few training instan
es appear in the leaves).3. By the `{' symbol, any set of algorithms that do not belong to any of the 
ompared families is represented.



Chapter 6Feature Subset Sele
tion for Supervised Classi�
ation byEstimation of Distribution Algorithms
6.1 Overview of the 
hapterFeature Subset Sele
tion is a well known task in the Ma
hine Learning, Data Mining, PatternRe
ognition and Text Learning paradigms. In this 
hapter, we present a set of EDA inspiredte
hniques to ta
kle the Feature Subset Sele
tion problem in Ma
hine Learning supervised tasks.Bayesian networks are used to fa
torize the probability distribution of best solutions in small andmedium dimensionality datasets, and simpler probabilisti
 models are used in larger dimensionalitydomains. In a 
omparison with di�erent sequential and traditionally used geneti
-inspired algo-rithms in natural and arti�
ial datasets, EDA-based approa
hes have en
ouraging a

ura
y resultsand a smaller number of evaluations than geneti
 approa
hes.After an introdu
tion, the Feature Subset Sele
tion task and its basi
 
omponents will be studied,performing a survey of previous approa
hes. The spe
i�
 appli
ation of Bayesian networks to solvethe Feature Subset Sele
tion problem within the EDA paradigm for small and medium dimension-ality s
ale domains will be presented. PBIL, BSC, MIMIC and TREE probabilisti
 algorithms willbe employed in large dimensionality s
ale domains. For all approa
hes, results over natural andarti�
ial domains will be presented. The 
hapter in
ludes a study about the `over�tting' problemwhen the Feature Subset Sele
tion pro
ess is 
arried out, obtaining a basis to de�ne the stopping
riteria of the presented sear
h algorithms.This 
hapter is an adaptation of the works of Inza et al. (2000), Inza et al. (2001a), Inza et al.(2001b) and Inza et al. (2002a).6.2 MotivationIn supervised Ma
hine Learning and Data Mining pro
esses, the goal of a supervised learningalgorithm is to indu
e a 
lassi�er that allows us to 
lassify new examples E� = feN+1; :::; eN+Qgthat are only 
hara
terized by their n des
riptive features. To generate this 
lassi�er we have aset of N samples E = fe1; :::; eNg, ea
h 
hara
terized by n des
riptive features X = fX1; :::; Xngand the 
lass label C = f
1; :::; 
Ng to whi
h they belong. The Ma
hine Learning and Data Mining
ommunities have formulated the following question: Are all of these n des
riptive features usefulfor learning the `
lassi�
ation rule'? The Feature Subset Sele
tion (FSS) approa
h tries to respondto this question and reformulates it as follows: Given a set of 
andidate features, sele
t the bestsubset under some learning algorithm. 61



62 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsThis dimensionality redu
tion produ
ed by a FSS pro
ess has several advantages for a 
lassi�
a-tion system on a spe
i�
 task:a redu
tion in the 
ost of data a
quisition;an improvement in the 
omprenhensibility of the �nal 
lassi�
ation model;faster indu
tion of the �nal 
lassi�
ation model;an improvement in 
lassi�
ation a

ura
y.The attainment of higher 
lassi�
ation a

ura
ies is the usual obje
tive of supervised Ma
hineLearning pro
esses. It has long been proved that the 
lassi�
ation a

ura
y of supervised 
lassi�
a-tion algorithms is not monotoni
 with respe
t to the addition of features. Irrelevant or redundantfeatures, depending on the spe
i�
 
hara
teristi
s of the learning algorithm, may degrade the predi
-tive a

ura
y of the 
lassi�
ation model. In this 
hapter, the obje
tive of FSS will be maximizationof the performan
e of the 
lassi�
ation algorithm. In addition, with the redu
tion in the numberof features, it is more likely that the �nal 
lassi�er is less 
omplex and more understandable byhumans (Inza et al., 2001d).On
e its obje
tive is �xed, FSS 
an be viewed as a sear
h problem, with ea
h state in the sear
hspa
e spe
ifying a subset of the possible features of the task. Exhaustive evaluation of possiblefeature subsets is usually infeasible in pra
ti
e be
ause of the large amount of 
omputational e�ortrequired. Many sear
h te
hniques have been proposed for solving the FSS problem when there isno knowledge about the nature of the task, by 
arrying out an intelligent sear
h in the spa
e ofpossible solutions. As they are randomized, evolutionary and population-based sear
h algorithms,Geneti
 Algorithms (GAs) are possibly the most 
ommonly used sear
h engine in the FSS pro
ess.As an alternative paradigm to GAs, in this 
hapter we propose the use of EDA-inspired te
hniquesfor the FSS task. The 
hoi
e of the spe
i�
 EDA-inspired algorithm whi
h performs FSS dependson the initial dimensionality (number of features) of the domain. A FSS problem is 
onsideredsmall s
ale, medium s
ale or large s
ale (Kudo and Sklansky, 2000) if the number of features is lessthan 20, 20� 49 or greater than 49, respe
tively. For small and medium s
ale domains we proposeusing the most attra
tive probabilisti
 paradigm, Bayesian networks, to fa
torize the probabilitydistribution of the best solutions. For large s
ale domains, a large number of solutions is needed toindu
e a reliable Bayesian network, and we propose using simpler probabilisti
 stru
tures: PBIL,BSC, MIMIC and TREE.6.3 Feature Subset Sele
tion: basi
 
omponentsOur work is lo
ated in Ma
hine Learning and Data Mining, but FSS literature in
ludes numerousworks from other �elds su
h as Pattern Re
ognition (Ferri et al., 1994; Jain and Chandrasekaran,1982; Jain et al., 2000; Kittler, 1978), Statisti
s (Miller, 1990; Narendra and Fukunaga, 1997),Bioinformati
s' mi
roarray gene expression (Blan
o et al., 2001; Golub et al., 1999) unsupervised
lassi�
ation (Pe~na et al., 2001; Talavera, 2000) and Text-Learning (Mladeni�
, 1998; Yang andPedersen, 1997). Thus, di�erent resear
h 
ommunities have ex
hanged and shared ideas on dealingwith the FSS problem. A good review of FSS methods 
an be found in Liu and Motoda (1998).The obje
tive of FSS in a supervised Ma
hine Learning or a Data Mining 
lassi�
ation framework(Aha and Bankert, 1994) is to redu
e the number of features used to 
hara
terize a dataset so as toimprove a learning algorithm's performan
e on a given task. Our obje
tive is the maximization of
lassi�
ation a

ura
y in a spe
i�
 task for a spe
i�
 learning algorithm; as a side e�e
t, we will have
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 F1         F2         F3

F1        F2         F3                                      F1         F2         F3                                    F1        F2         F3

 F1          F2         F3

F1          F2         F3                                     F1          F2         F3                                   F1         F2         F3 

Figure 6.1. In this 3-feature (F1,F2,F3) problem, ea
h individual in the spa
e represents a feature subset,a possible solution for the FSS problem. In ea
h individual, a feature's re
tangle being �lled, indi
ates thatit is in
luded in the subset.a redu
tion in the number of features needed to indu
e the �nal 
lassi�
ation model. The featuresele
tion task 
an be viewed as a sear
h problem, with ea
h state in the sear
h spa
e identifyinga subset of possible features. A partial ordering on this spa
e, with ea
h 
hild having exa
tly onemore feature than its parents, 
an be 
reated.FSS is a 
lassi
 NP-hard optimization problem (Kohavi and John, 1997), whi
h justi�es the useof sear
h heuristi
s. Figure 6.1 expresses the sear
h algorithm nature of the FSS pro
ess. Thestru
ture of this spa
e suggests that any feature sele
tion method must de
ide on four basi
 issuesthat determine the nature of the sear
h pro
ess (Blum and Langley, 1997): a starting point in thesear
h spa
e, an organization of the sear
h, an evaluation strategy for the feature subsets and a
riterion for halting the sear
h.6.3.1 The starting point in the spa
eThis determines the dire
tion of the sear
h. One might start with no features and su

essivelyadd them, or one might start with all the features and su

essively remove them. One might alsosele
t an initial state somewhere in the middle of the sear
h spa
e.6.3.2 The organization of the sear
hThis determines the strategy for the sear
h. Roughly speaking, sear
h strategies 
an be 
ompleteor heuristi
. The basis of the 
omplete sear
h is the systemati
 examination of every possiblefeature subset. Two 
lassi
 
omplete sear
h implementations are depth-�rst, breadth-�rst (Liu andMotoda, 1998). Otherwise, bran
h and bound sear
h (Narendra and Fukunaga, 1977) guarantees thedete
tion of the optimal subset for monotomi
 evaluation fun
tions without performing a systemati
examination of all subsets.When monotoni
ity 
annot be satis�ed, in a sear
h spa
e with a 2n 
ardinality, depending in theevaluation fun
tion used, an exhaustive sear
h 
an be impra
ti
al. Can we make some smart 
hoi
esbased on the information available about the sear
h spa
e, but without looking it on the whole?Here appears the heuristi
 sear
h 
on
ept. They �nd near optimal solution, if not optimal. Amongheuristi
 algorithms, there are deterministi
 heuristi
 and non-deterministi
 heuristi
 algorithms.Classi
 deterministi
 heuristi
 FSS algorithms are sequential forward sele
tion and sequential ba
k-
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ation based on Probabilisti
 Graphi
al Modelsward elimination (Kittler, 1978), 
oating sele
tion methods (Pudil et al., 1994) and best-�rst sear
h(Kohavi and John, 1997). They are deterministi
 in the sense that their runs always obtain the samesolution. Vafaie and De Jong (1993) results suggest that 
lassi
 greedy hill-
limbing approa
hes,tend to get trapped on lo
al peaks 
aused by interdependen
ies among features. In this sense thework of Pudil et al. (1994) is an interesting idea in an attempt to avoid this phenomenom. Non-deterministi
 heuristi
 sear
h is used to es
ape from lo
al maxima. Randomness is used for thispurpose and this implies that one should not expe
t the same solution from di�erent runs. Up untilnow, the next non-deterministi
 sear
h engines have been used in FSS: Geneti
 Algorithms (Eber-hardt et al., 2001; Ferri et al., 1993; Guerra-Sal
edo and Whitley, 1998; Kun
heva, 1993; Siedele
kyand Sklansky, 1988; Vafaie and Jong, 1993; Yang and Honavar, 1998), Simulated Annealing (Doak,1992), Las Vegas Algorithm (Liu and Setiono, 1996; Skalak, 1994). See Jain and Zongker (1997) orLiu and Motoda (1998) for other kinds of 
lassi�
ations of FSS sear
h algorithms.6.3.3 Evaluation strategy for feature subsetsThe evaluation fun
tion identi�es promising areas of the sear
h spa
e by 
al
ulating the goodnessof ea
h proposed feature subset. It measures the e�e
tiveness of a parti
ular subset after the sear
halgorithm has 
hosen it for examination. Being the obje
tive of the sear
h its maximization, thesear
h algorithm utilizes the value returned by the evaluation fun
tion to help guide the sear
h.Many measures 
arry out this obje
tive regarding only the 
hara
teristi
s of the data, 
apturingthe relevan
e of ea
h feature or set of features to de�ne the target 
on
ept. As reported by John etal. (1994), when the goal of FSS is the maximization of the a

ura
y, the features sele
ted shoulddepend not only on the features and the target 
on
ept to be learned, but also on the learningalgorithm. Kohavi and John (1997) report domains in whi
h a feature, although being in the target
on
ept to be learned, does not appear in the optimal feature subset that maximizes the predi
tivea

ura
y for the spe
i�
 learning algorithm used. This o

urs due to the intrinsi
 
hara
teristi
s andlimitations of the 
lassi�er used: feature relevan
e and a

ura
y optimality are not always 
oupledin FSS. The idea of using the error reported by a 
lassi�er as the feature subset evaluation 
riterionappears in previous works su
h as Stearns (1976) or Siedele
ky and Skalansky (1988). However, thema
hine 
omputation limitations of those years for
ed to stop its appli
ation. Doak in 1992 alreadyused the 
lassi�
ation error rate to guide non-large sear
hes that did not require demanding ma
hine
omputation. In John et al. (1994), the wrapper 
on
ept de�nitively appears. This implies thatthe FSS algorithm 
ondu
ts a sear
h for a good subset of features using the indu
tion algorithmitself as a part of the evaluation fun
tion, the same algorithm that will be used to indu
e the�nal 
lassi�
ation model. On
e the 
lassi�
ation algorithm is �xed, the idea is to train it with thefeature subset en
ountered by the sear
h algorithm, estimating the error per
entage, and assigningit as the value of the evaluation fun
tion of the feature subset. In this way, representational biasesof the indu
tion algorithm used to 
onstru
t the �nal 
lassi�er are in
luded in the FSS pro
ess.The role of the supervised 
lassi�
ation algorithm is the prin
ipal di�eren
e between the �lter andwrapper approa
hes. The wrapper strategy needs a high 
omputational 
ost, but te
hni
al 
omputeradvan
es in the last de
ade have made the use of this wrapper approa
h possible, 
al
ulating anamount of a

ura
y estimations (training and testing on signi�
ants amounts of data) not envisionedin the 80's.Before applying the wrapper approa
h, an enumeration of the available 
omputer resour
es is
riti
al. Two di�erent fa
tors be
ome a FSS problem `large' (Liu and Setiono, 1998): the numberof features and the number of instan
es. One must bear in mind that the learning algorithm of thewrapper s
heme is trained for every solution visited by the FSS sear
h engine. Many approa
hes have
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h as Caruana andFreitag (1994) (avoiding the evaluation of many subsets taking advantage of the intrinsi
 propertiesof the used learning algorithm) or Moore and Lee (1994) (redu
ing the burden of the 
ross-validationte
hnique for model sele
tion).When the learning algorithm is not used in the evaluation fun
tion, the goodness of a featuresubset 
an be assessed regarding only the instrinsi
 properties of the data. The learning algorithmonly appears in the �nal part of the FSS pro
ess to 
onstru
t the �nal 
lassi�er using the set ofsele
ted features. The Statisti
s literature proposes many measures for evaluating the goodness ofa 
andidate feature subset. See Ben-Bassat (1982) for a review of these 
lassi
 measures. Thesestatisti
al measures try to dete
t the feature subsets with higher dis
riminatory information withrespe
t to the 
lass (Kittler, 1978) regarding the probability distribution of data. These measures areusually monotoni
 and in
rease with the addition of features that afterwards 
an hurt the a

ura
y
lassi�
ation of the �nal 
lassi�er. In Pattern Re
ognition FSS works, in order to re
ognize theforms of the task, from a full set of n features, it is so 
ommon to �x a positive integer number dand sele
t the best feature subset of d-
ardinality found during the sear
h. When this d parameteris not �xed a examination of the slope of the 
urve {value of the proposed statisti
al measurevs. 
ardinality of the sele
ted feature subset{ of the best feature subsets is required to sele
t the
ardinality of the �nal feature subset. This type of FSS approa
h, whi
h ignores the indu
tionalgorithm to assess the merits of a feature subset, is known as the �lter approa
h. Mainly inspiredon these statisti
al measures, in the 90's and in our de
ade, more 
omplex �lter measures whi
h donot use the �nal indu
tion algorithm in the evaluation fun
tion generate new FSS algorithms, su
has FOCUS (Almuallin and Dietteri
h, 1991), RELIEF (Kira and Rendell, 1992), Cardie's (1993)algorithm, Koller and Sahami's (1996) work with probabilisti
 
on
epts, the named `In
rementalFeature Sele
tion' (Liu and Setiono, 1998), Hall's (1999) work with 
orrelation 
on
epts, the Belland Wang's (2000) interesting `Relevan
e Formalism' idea, the Information-Theoreti
 Algorithm ofLast et al. (2001) or Perner's CM pro
edure (2001). Nowadays, the �lter approa
h is re
eiving
onsiderable attention from the Data Mining 
ommunity to deal with huge databases when thewrapper approa
h is unfeasible (Liu and Motoda, 1998). Figure 6.2 lo
ates the role of �lter andwrapper approa
hes within the overall FSS pro
ess.Interesting e�orts have been made (Blan
o et al., 2001; Das, 2001; Xing et al., 2001) to 
ombine-hybridize the goodness of both �lter and wrapper approa
hes.When the size of the problem allows the appli
ation of the wrapper approa
h, works in the 90'shave noted its superiority, in terms of predi
tive a

ura
y over the �lter approa
h. Doak (Doak,1992) in the early 90's, also empiri
ally showed this superiority of the wrapper model. However,due to 
omputational availability limitations, he 
ould only apply Sequential Feature Sele
tion withthe wrapper model, dis
arding the use of 
omputationally more expensive global sear
h engines(Best-First, Geneti
 Algorithms, et
.). More re
ent studies (Kohavi, 1995d; Hall and Holmes, 2000)have also empiri
ally studied the more a

urate behaviour of the wrapper evaluation s
heme withrespe
t to the �lter one.Blum and Langley (1997) also present another type of FSS, known as embedded. This 
on
ept
overs the feature sele
tion pro
ess made by the indu
tion algorithm itself. For example, bothDe
ision Tree and De
ision Rule methods impli
itly sele
t features for in
lusion in a bran
h or rulein preferen
e to other features that appear less relevant, and in the �nal model some of the initialfeatures might not appear. On the other hand, some indu
tion algorithms (i.e., Naive Bayes orIB1) in
lude all the presented features in the model when no FSS is exe
uted. This FSS approa
his done within the learning algorithm, preferring some features instead of others and possibly not
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Training set characterized
by the selected feature subset

Learning algorithm

Final classification model

ON TEST SET
FINAL  ACCURACY ESTIMATION 

Training set characterized by the full
feature set

Training set characterized by the

Search algorithm

Learning algorithm
Accuracy estimation on training

set as evaluation function measure

FINALLY SELECTED FEATURE SUBSET

Test set characterized
by the selected feature subset

Final classification model

FINAL  ACCURACY ESTIMATION 
ON TEST SET

Search algorithm

candidate feature subset

Candidate feature subset

Training set characterized by the
candidate feature subset

Feature selection algorithmFeature selection algorithm

feature set
Training set characterized by the full

Training set characterized
by the selected feature subset

Learning algorithm

Test set characterized
by the selected feature subset

FINALLY SELECTED FEATURE SUBSET

Candidate feature subset

feature subset on training set
Measure the discrimination power of the

OVERALL FSS PROCESS BY FILTER APPROACH          OVERALL FSS PROCESS BY WRAPPER APPROACH

Figure 6.2. Summarization of the whole FSS pro
ess for �lter and wrapper approa
hes.in
luding all the available features in the �nal 
lassi�
ation model. However, �lter and wrapperapproa
hes are lo
ated one abstra
tion level above the embedded approa
h, performing a featuresele
tion pro
ess for the �nal 
lassi�er apart from the embedded sele
tion done by the learningalgorithm itself.6.3.4 Criterion for halting the sear
hAn intuitive 
riterion for stopping the sear
h is the non-improvement of the evaluation fun
tionvalue of alternative subsets. Another 
lassi
 
riterion is to �x a limit on the number of possiblesolutions to be visited during the sear
h.6.4 FSS by EDA in small and medium s
ale domainsFor small and medium dimensionality domains, we use the sear
h s
heme provided by the EBNAalgorithm (Etxeberria and Larra~naga, 1999). Using an intuitive notation to represent ea
h individual(there are n bits in ea
h individual, ea
h bit indi
ating whether a feature is present (1) or absent(0)), Figure 6.3 shows an overview of the appli
ation of the EBNA sear
h engine to the FSS problem:
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Figure 6.3. FSS-EBNA method.thus, the algorithm is 
alled FSS-EBNA. In ea
h generation of the sear
h, the indu
ed Bayesiannetwork will fa
torize the probability distribution of sele
ted solutions. The Bayesian network
ontains n nodes, where ea
h node represents one feature of the domain.In our spe
i�
 implementation of the EBNA algorithm, instead of better (but slow) te
hniques,a fast `s
ore + sear
h' pro
edure is used to learn the Bayesian network in ea
h generation of thesear
h. Algorithm B (Buntine, 1991) is used for learning Bayesian networks from data. AlgorithmB is a greedy sear
h heuristi
 whi
h starts with an ar
-less stru
ture and at ea
h step, adds thear
 whi
h gives the maximum in
rease in the s
ore: here, the s
ore used is the BIC approximation(S
hwarz, 1978). The algorithm stops when adding an ar
 does not in
rease this s
ore.Determination of a minimum population size to reliably estimate the parameters of a Bayesiannetwork is not an easy task (Friedman and Yakhini, 1996). This diÆ
ulty is greater for real worldproblems where the true probability distribution is not known. Taking the dimensionality of ourproblems into a

ount, we 
onsider that a population size of 1; 000 individuals is enough to reliablyestimate the Bayesian network model.In our approa
h, the best individual of the previous generation is maintained andN�1 individualsare 
reated as o�spring. An elitist approa
h is used then to form iterative populations. Insteadof dire
tly dis
arding the N � 1 individuals from the previous generation and repla
ing them withN�1 newly generated ones, the 2N�2 individuals are put together and the best N�1 
hosen fromthem. These best N � 1 individuals together with the best individual of the previous generation
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ation based on Probabilisti
 Graphi
al Modelsform the new population. In this way, the populations 
onverge faster to the best individuals found,but, this also 
arries a risk of losing diversity within the population.6.4.1 Chara
teristi
s of the evaluation fun
tionA wrapper approa
h is used here to 
al
ulate the evaluation fun
tion value of ea
h proposedindividual or feature subset. The value of the evaluation fun
tion of a feature subset found by theEBNA sear
h te
hnique, on
e the supervised 
lassi�er is �xed, is given by an a

ura
y estimationon training data. The a

ura
y estimation, seen as a random variable, has an intrinsi
 un
ertainty.A 10-fold 
ross-validation multiple times, 
ombined with a heuristi
 proposed by Kohavi and John(1997), is used to 
ontrol the intrinsi
 un
ertainty of the evaluation fun
tion. The heuristi
 worksas follows:if the standard deviation of the a

ura
y estimate is above 1%, another 10-fold 
ross-validationis exe
uted;this is repeated until the standard deviation drops below 1%, up to a maximum of �ve times.In this way, small datasets will be 
ross-validated many times, but larger ones may only be on
e.Although FSS-EBNA is independent of the spe
i�
 supervised 
lassi�er used within its wrapperapproa
h, in our set of experiments we use the NB (Cestnik, 1990) supervised 
lassi�er. Due toits simpli
ity and fast indu
tion, this 
lassi�er is 
ommonly used on Data Mining tasks of highdimensionality (Kohavi and John, 1997; Mladeni�
, 1998). Despite its good s
aling with irrelevantfeatures, NB 
an improve its a

ura
y level by dis
arding 
orrelated or redundant features. Be
auseof its independen
e assumption of features to predi
t the 
lass, NB is degraded by 
orrelated featureswhi
h violate this independen
e assumption. Thus, FSS 
an also play a `normalization' role thatdis
ards these groups of 
orrelated features, and ideally sele
ts just one of them in the �nal model.6.4.1.1 Internal loop and external loop of the evaluation pro
essFSS-EBNA, as any Ma
hine Learning algorithm to asses its a

ura
y, must be tested on un-seen instan
es whi
h do not parti
ipate in the sele
tion of the best feature subset. Two a

ura
yestimation loops 
an be seen in the FSS pro
ess (see Figure 6.2):the internal-loop 10-fold 
ross-validation a

ura
y estimation that guides the sear
h pro
ess isexplained in the previous point. The internal-loop represents the evaluation fun
tion of theproposed solution;the external-loop a

ura
y estimation, reported as the �nal `goodness' of FSS-EBNA, obtainedby testing on unseen instan
es not used in the sear
h pro
ess the feature subset sele
ted bythe internal-loop. Due to the non-deterministi
 nature of FSS-EBNA, 5 repli
ations of 2-fold
ross-validation (5x2
v) are applied to assess its predi
tive generalization a

ura
y. In ea
hrepli
ation, available data is randomly partitioned into two equal-sized sets S1 and S2. The FSSalgorithm is trained on ea
h set and tested on the other set. In this way, the reported a

ura
iesare the mean of 10 a

ura
ies.6.4.2 The `over�tting' problem and the relevan
e of the stopping
riteriaIn the initial stages of the de�nition of FSS-EBNA, we hypothesized to report the a

ura
y ofthe internal-loop as the �nal performan
e. However, Aha (1999) and Kohavi (1999), in personal
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ommuni
ations, alerted us of the overly optimisti
 nature of the 
ross-validation estimates whi
hguide the sear
h. Due to the sear
h nature of FSS-EBNA, it is possible that one feature subset(from the big amount of subsets visited) 
ould be very well adapted to the training set, but whenpresented to new instan
es not presented in the training pro
ess, the a

ura
y 
ould dramati
allyde
ay: an `over�tting' (Quinlan, 1989) 
an o

ur internally in the FSS pro
ess. Although it wasnot done by some authors, we re
ommend not to report the a

ura
y used to guide the sear
h asthe �nal a

ura
y of a FSS pro
ess.Jain and Zongker (1997) report for a non-de
eptive fun
tion in a Pattern Re
ognition problemthat the quality of sele
ted feature subsets for small training sets was poor; however, improved asthe training set in
reased. Kohavi (1995b) also notes in a wrapper Ma
hine Learning approa
h thatthe prin
ipal reason of `over�tting' is the low amount of training instan
es.To study this issue for FSS approa
h, a set of experiments with di�erent training sizes of the noisyWaveform-40 dataset (Breiman et al., 1984) with the NB supervised algorithm (Cestnik, 1990) is
arried out: training sizes of 100; 200; 400; 800 and 1; 600 samples and tested over a �xed test setwith 3; 200 instan
es. Figure 6.4 summarizes the set of experiments.For 100; 200 and 400 training sizes, although the internal-loop 
ross-validation was repeatedmultiple times, di�eren
es between internal and external-loop a

ura
ies are high (greater thantwi
e the standard deviation of the internal-loop). However, when the training size is in
reased, the�delity between internal and external loop a

ura
ies in
reases, and the a

ura
y estimation of theexternal-loop appears in the range formed by the standard deviation of the internal-loop a

ura
y.Apart from these a

ura
y estimation di�eren
es between both loops, a serious `over�tting' riskarises for small datasets: as the sear
h pro
ess advan
es, the internal-loop's improvement de
eivesus, as posterior performan
e on unseen instan
es does not improve. The di�eren
e between internaland external estimations would not be so important if both estimations had the same behaviour:that is, an improvement in the internal estimation 
oupled with an external improvement and ade
rease in internal estimation 
oupled with an internal improvement. However, it 
learly seemsthat this 
an not be guaranteed for small size training sets, where two 
urves show an errati
 relation.Thus, FSS generalization results must be done with high 
are for small datasets.It seems obvious that for small datasets, it is not possible to see any FSS pro
ess as an `anytimealgorithm' (Boddy and Dean, 1994), where the quality of the result is a nonde
reasing fun
tion intime. Looking at Figure 6.4, we dis
ard this `monotoni
-anytime idea' (more time$ better solution)for small training set sizes. Our �ndings follow the work of Ng (1997), who in an interesting work onthe `over�tting' problem, demonstrates that when 
ross-validation is used to sele
t from a large poolof di�erent 
lassi�
ation models in a noisy task with too small training set, it may not be advisableto pi
k the model with minimum 
ross-validation error, and a model with higher 
ross-validationerror will have better generalization error over novel test instan
es.However, Kohavi (1999), in personal 
ommuni
ation, alerts us about the diÆ
ulty to determinethe stopping point of a FSS sear
h pro
ess to avoid this obvious `over�tting' risk.Regarding this behaviour, so related with the number of instan
es in training set, the nextheuristi
 as stopping 
riteria is adopted for FSS-EBNA:for datasets with more than 2; 000 instan
es (more than 1; 000 instan
es in ea
h training subsetfor the 5x2
v external loop a

ura
y estimation), the sear
h is stopped when in a samplednew generation no feature subset appears with an evaluation fun
tion value improving the bestsubset found in the previous generation. Thus, the best subset of the sear
h, found in theprevious generation, is returned as FSS-EBNA's solution;
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Figure 6.4. Internal and external loop a

ura
y values in FSS-EBNA for di�erent training sizes withWaveform-40 dataset and NB algorithm. The internal loop a

ura
y 10-fold 
ross-validation is multipletimes repeated until the standard deviation of the a

ura
y estimation drops below 1%. Dotted-lines showthe internal-loop a

ura
y estimation and solid-lines the external-loop one. Both loop a

ura
ies for thebest solution of ea
h sear
h generation are represented. `0' represents the initial generation of the sear
h.for smaller datasets (less than 1; 000 instan
es in ea
h training subset for the 5x2
v external loopa

ura
y estimation), the sear
h is stopped when in a sampled new generation no feature subsetappears with an evaluation fun
tion value improving, at least with a p-value smaller than 0:1(using a 10-fold 
ross-validated paired t test between the folds of both estimations, taking onlythe �rst run into a

ount when 10-fold 
ross-validation is repeated multiple times), the value ofthe evaluation fun
tion of the feature subset of the previous generation. Thus, the best subsetof the previous generation is returned as FSS-EBNA's solution.An improvement in the internal loop estimation is not the only measure to take into a

ount toallow the 
ontinuation of the sear
h in FSS-EBNA. The number of intan
es of the dataset is also
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ation by Estimation of Distribution Algorithms 71Table 6.1. Details of small and medium dimensionality experimental domains.Domain Number of instan
es Number of featuresIonosphere 351 34Horse-
oli
 368 22Soybean-large 683 35Anneal 898 38Image 2,310 19Si
k-euthyroid 3,163 25
riti
al for this permission. For larger datasets the `over�tting' phenomenom has a lesser impa
tand we hypothesize that an improvement in the internal-loop estimation will be 
oupled with animprovement in generalization a

ura
y on unseen instan
es. Otherwise, for smaller datasets the`over�tting' phenomenom has a greater risk in o

uring and the 
ontinuation of the sear
h is onlyallowed when a signi�
ant improvement in the internal-loop a

ura
y estimation of best individualsof 
onse
utive generations appears. We hypothesize that when this signi�
ant improvement appears,the `over�tting' risk de
ays and there is a basis for further generalization a

ura
y improvement overunseen instan
es.Another 
on
ept to 
onsider in this stopping 
riteria is the wrapper nature of the proposedevaluation fun
tion. As we will see in the next se
tion, the evaluation fun
tion value of ea
hvisited solution (the a

ura
y estimation of the NB 
lassi�er on the training set by 10-fold 
ross-validation multiple times, using only the features proposed by the solution) needs several se
ondsto be 
al
ulated. As the 
reation of a new generation of individuals implies the evaluation pro
essof ea
h of them, we only allow the sear
h to 
ontinue when it demonstrates that it is able to es
apefrom the lo
al optimas, and is able to dis
over new `best' solutions in ea
h generation. When thewrapper approa
h is used, CPU time must also be 
ontroled: we hypothesize that when the sear
his allowed to 
ontinue by our stopping 
riteria, the CPU times to evaluate a new generation ofsolutions are justi�ed.6.4.3 Experiments in real domainsWe test the power of FSS-EBNA in six real small and medium-dimensionality datasets. Althoughthey have been presented in the Chapter 2 of this dissertation, Table 6.1 gives the prin
ipal 
hara
-teristi
s of these datasets. All the datasets have been frequently used in the FSS literature. As anexhaustive sear
h for all feature 
ombinations is infeasible, a heuristi
 sear
h is needed.To test the power of FSS-EBNA, a 
omparison with the following well known FSS algorithms is
arried out:Sequential Forward Sele
tion (SFS) is a 
lassi
 hill-
limbing sear
h algorithm (Kittler, 1978)whi
h starts from an empty subset of features and sequentially sele
ts features until no improve-ment is a
hieved in the evaluation fun
tion value. It performs the major part of its sear
h nearthe empty feature set;Sequential Ba
kward Elimination (SBE) is another 
lassi
 hill-
limbing algorithm (Kittler, 1978)whi
h starts from the full set of features and sequentially deletes features until no improvementis a
hieved in the evaluation fun
tion value. It performs the major part of its sear
h near the



72 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsTable 6.2. A

ura
y per
entages of the NB 
lassi�er on real datasets without feature sele
tion and usingthe �ve FSS methods. The last row shows the average a

ura
y per
entages for all six domains.Domain Without FSS SFS SBE FSS-GA-o FSS-GA-u FSS-EBNAIonosphere 84:84 � 3:12y 90:25 � 1:58� 91:39 � 2:68 91:17 � 3:19 90:97 � 2:56� 92:40 � 2:04Horse-
oli
 78:97 � 2:98y 83:31 � 1:98 82:12 � 2:41� 83:43 � 2:82 83:51 � 1:47 83:93 � 1:58Soybean-large 81:96 � 3:46y 86:38 � 3:30� 87:78 � 3:90� 85:64 � 4:06y 86:09 � 4:37y 88:64 � 1:70Anneal 93:01 � 3:13� 86:72 � 2:09y 92:49 � 2:94� 92:95 � 2:67� 93:13 � 2:56 94:10 � 3:00Image 79:95 � 1:52y 88:65 � 1:21 88:82 � 1:74 88:67 � 2:48 89:12 � 1:56 88:98 � 0:98Si
k-euthyroid 84:77 � 2:70y 90:73 � 0:55y 95:57 � 0:16 95:97 � 0:58 95:90 � 0:43 96:14 � 0:65Average 83:91 87:67 89:69 89:63 89:78 90:69full feature set. Instead of working with a population of solutions, SFS and SBE try to optimizea single feature subset;GA with one-point 
rossover (FSS-GA-o);GA with uniform 
rossover (FSS-GA-u);FSS-EBNA.For all the FSS algorithms the wrapper evaluation fun
tion explained in the previous se
tionis used. SFS and SBE algorithms stop deterministi
ally, and the GA algorithms apply the samestopping 
riteria as FSS-EBNA.Although the optimal sele
tion of parameters is still an open problem for GAs (Grefenstette,1986), for both these GA algorithms, guided by the re
ommendations of B�a
k (1996), the probabilityof 
rossover is set to 1:0 and the mutation probability to 1=(problem�dimensionality) (these valuesare so 
ommon in the literature). Fitness-proportional sele
tion is used to sele
t individuals for
rossover. In order to avoid any bias in the 
omparison, the remaining GA parameters are the sameas FSS-EBNA's: the population size is set to 1; 000 and the new population is formed from the bestmembers of both the old population and the o�spring. In order to avoid any randomized e�e
t dueto a low population size, we �x it to 1; 000.The 
omparison is extended by running the NB 
lassi�er without feature sele
tion. Table 6.2shows a

ura
y (and its standard deviation) results for real datasets. Apart from a high a

ura
ylevel, we will also fo
us our attention on the a
hieving a redu
ed number of features: a good tradeo�between a high-a

ura
y and a low-
ardinality of the sele
ted feature subset is required.A deeper analysis of the a

ura
y results is 
arried out by using statisti
al tests. The 5x2
vF test (Alpaydin, 1999) is performed to determine the signi�
an
e degree of a

ura
y di�eren
esbetween ea
h algorithm and FSS-EBNA. Thus, in Table 6.2 the symbol `y' denotes a statisti
allysigni�
ant di�eren
e to FSS-EBNA at the 0:05 
on�den
e level, and `�', denotes signi�
ant di�eren
eat the 0:1 
on�den
e level. The meaning of these symbols is the same in all the tables of thisdissertation. Table 6.3 shows the average (and its standard deviation) number of features sele
tedby ea
h approa
h. Experiments are exe
uted on a SGI-Origin 200 
omputer using the NB algorithm'simplementation of the MLC++ (Kohavi et al., 1997b) software.All FSS algorithms help NB to redu
e the number of features needed to indu
e the �nal models.This dimensionality redu
tion is 
oupled with 
onsiderable a

ura
y improvements in all datasets
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ation by Estimation of Distribution Algorithms 73Table 6.3. Cardinalities of �nally sele
ted features subsets for the NB 
lassi�er on real datasets withoutfeature sele
tion and using the �ve FSS methods. It must be taken into a

ount that when no FSS is appliedto NB, it uses all the features.Domain Without FSS SFS SBE FSS-GA-o FSS-GA-u FSS-EBNAIonosphere 34 6:00 � 1:41 21:30 � 3:80 15:00 � 2:36 12:66 � 1:03 13:40 � 2:11Horse-
oli
 22 6:00 � 2:74 11:20 � 2:65 5:00 � 2:82 4:60 � 1:75 6:10 � 1:85Soybean-large 35 12:70 � 2:71 23:50 � 2:75 19:00 � 2:09 19:16 � 2:31 18:90 � 2:76Anneal 38 5:50 � 2:32 33:60 � 2:91 21:66 � 2:66 19:50 � 2:25 20:50 � 3:13Image 19 5:60 � 1:57 9:40 � 1:95 8:00 � 1:41 8:00 � 1:09 8:00 � 0:66Si
k-euthyroid 25 0 13:83 � 1:32 10:66 � 2:58 10:16 � 1:72 9:80 � 2:09ex
ept Anneal, where FSS-EBNA is the only algorithm able to signi�
antly improve the a

ura
yof the NB model without feature sele
tion. Although a

ura
y di�eren
es are not statisti
allysigni�
ant a
ross datasets between FSS algorithms for most domains, FSS-EBNA has the bestaverage a

ura
y of the 
ompared methods.Although SBE a
hieves similar a

ura
y results in many datasets relative to randomized algo-rithms, its major disadvantage is the small redu
tion that it produ
es in the number of features. Inall domains, SBE is the algorithm with the lowest feature redu
tion, and this redu
tion is nearly in-signi�
ant in the Anneal dataset. Although the other sequential algorithm, SFS, returns the subsetswith the smallest number of features in all datasets, its a

ura
y results in all ex
ept one datasetare signi�
antly inferior to FSS-EBNA.Although both GA approa
hes and FSS-EBNA obtain similar a

ura
y results in many datasets,we note that GA approa
hes need more generations than FSS-EBNA to arrive at similar (or lower)a

ura
y levels. Table 6.4 shows whi
h generations GA approa
hes and FSS-EBNA stop in, usingthe explained stopping 
riteria.Starting from the fa
t that a

ura
y di�eren
es between both GA approa
hes are not statisti
allysigni�
ant, it seems that FSS-GA-o is better suited for Horse-
oli
 and Soybean-large datasets thanFSS-GA-u, and while the opposite behaviour is a
hieved in Ionosphere and Anneal. However, theresults show that FSS-EBNA arrives faster to similar or better a

ura
ies (see also Table 6.2) thanboth GA approa
hes: it seems that FSS-EBNA, by using Bayesian networks, is able to 
apturethe underlying stru
ture of the problem faster than GAs. Only in the Image dataset, the domainof lowest dimensionality, does using FSS-EBNA not give an advantage. This superiority of EDAapproa
hes that use Bayesian networks over GAs in domains with intera
ting variables is also notedin the literature (Pelikan et al., 1998; de Campos et al., 2001).When the wrapper approa
h is used to 
al
ulate the evaluation fun
tion value of ea
h subsetfound, then faster dis
overy of similar or better a

ura
ies is a 
riti
al task. Although NB is a fastsupervised 
lassi�er, it needs several CPU se
onds to estimate the predi
tive a

ura
y (by 10-fold
ross-validation multiple times, as explained) of a feature subset on the training set: depending onthe number of features sele
ted by the subset, around 1 CPU se
ond is needed in Ionosphere (thedomain with fewest instan
es), while around 3 CPU se
onds are needed in Image (the domain withmost instan
es). Sin
e the generation of a new population of solutions implies the evaluation of1; 000 new individuals, stopping earlier without damage to the a

ura
y level is highly desirable inorder to save CPU time. On the other hand, the times for the indu
tion of the Bayesian networksover the best individuals in ea
h EDA generation are insigni�
ant in all domains and the EDA
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsTable 6.4. Mean stop-generation for GAs and FSS-EBNA. The standard deviation of the mean is alsoreported. The initial generation is 
onsidered to be the zero generation.Domain FSS-GA-o FSS-GA-u FSS-EBNAIonosphere 3:50 � 0:84y 3:10 � 0:56y 1:80 � 0:42Horse-
oli
 3:20 � 1:13� 3:40 � 0:51y 2:40 � 0:69Soybean-large 3:30 � 0:82� 3:60 � 0:51y 2:50 � 0:70Anneal 3:80 � 0:42y 3:20 � 0:44y 1:80 � 0:42Image 3:60 � 0:84 3:70 � 0:48 3:50 � 0:42Si
k-euthyroid 4:50 � 0:70� 4:80 � 0:42� 3:50 � 0:97savings in CPU time relative to GA approa
hes are maintained: 3 CPU se
onds are needed onaverage in the Image domain to indu
e a Bayesian network (the domain with fewest features) and14 CPU se
onds in Anneal (the domain with most features).6.4.4 Experiments in arti�
ial domainsIn order to enri
h this 
omparison among GA approa
hes and FSS-EBNA, we have designedthree arti�
ial datasets of 2; 000 instan
es ea
h, where we know the feature subset whi
h indu
esea
h domain: Redundant-order-3, Redundant-order-5 and Redundant-order-7 all have 21 
ontinuousfeatures in the range [3; 6℄. The target 
on
ept in all three domains is to determine whether aninstan
e is nearer (using Eu
lidean distan
e) to (0; 0; : : : ; 0) or (9; 9; : : : ; 9). At �rst, all 21 featuresparti
ipate in the distan
e 
al
ulation and they are 
onditionally independent given the 
lass. Inthis way, the predi
tive features respe
t NB's 
lassi�
ation s
heme. As NB's predi
tive power isheavily damaged by redundant features, we de
ide to generate groups of repeated features:there are 3 groups of 3 repeated features ea
h in Redundant-order-3 while the remaining 12features are not repeated. The 
lass of the domain is indu
ed by these 12 individual featuresand by one feature from ea
h of the 3 groups;there are 3 groups of 5 repeated features ea
h in Redundant-order-5, while the remaining 6features are not repeated. The 
lass of the domain is indu
ed by these 6 individual features andby one feature from ea
h of the 3 groups;there are 2 groups of 7 repeated features ea
h in Redundant-order-7, while the remaining 7features are not repeated. The 
lass of the domain is indu
ed by these 7 individual features andby one feature from ea
h of the 2 groups.The size of the relations between the features of these domains is well suited to be 
overed byBayesian networks rather than probabilisti
 approa
hes that are only able to 
over intera
tionsof order one or two: not only 
onditional probabilities for a position having given the value foranother one but for a position having given values for a set of some of other positions as well mustbe taken into a

ount. Maintaining the framework given in the previous se
tion, Table 6.5 showsthe generation in whi
h GA approa
hes and FSS-EBNA dis
over a feature subset that equalizesor surpasses the estimated a

ura
y level of the feature subset whi
h indu
es the domain. Thisstopping 
riteria is also used by Rana et al. (1996).Although no statisti
ally signi�
ant di�eren
es are a
hieved in the stop generations of di�erentalgorithms, it seems that for arti�
ial datasets, FSS-EBNA needs fewer generations than GA ap-
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ation by Estimation of Distribution Algorithms 75Table 6.5. Number of generations needed on average (and their standard deviation) by FSS-GA-o, FSS-GA-u and FSS-EBNA to dis
over the optimum feature subset in arti�
ial domains. The initial generationis 
onsidered as generation zero.Domain FSS-GA-o FSS-GA-u FSS-EBNARedundant-order-3 2:50 � 1:76 3:33 � 1:63 1:33 � 0:81Redundant-order-5 3:83 � 2:04 3:33 � 2:16 1:83 � 0:75Redundant-order-7 2:00 � 1:67 2:50 � 1:76 1:00 � 1:09proa
hes to arrive at similar �tness solutions. We therefore hypothesize that the superior behaviourof FSS-EBNA with respe
t to GAs in natural domains is due to the existen
e of intera
ting featuresin these tasks. Table 6.5's results are a
hieved when the intera
ting variables of the same group aremapped-
oded together in the individual's representation. When we perform the same set of exper-iments, but randomly separate the intera
ting features in the individual's representation, FSS-GA-oneeds the following number of generations to dis
over a feature subset whi
h equalizes or surpassesthe estimated a

ura
y level of the feature subset whi
h indu
es the domain:4:00� 1:67 in Redundant-order-3;4:66� 0:94 in Redundant-order-5;3:50� 1:87 in Redundant-order-7.While FSS-GA-u and FSS-EBNA are not in
uen
ed by the positions of variables in the individ-ual's representation, FSS-GA-o su�ers notably when intera
ting features are not 
oded together.This phenomenom is noted in the GA literature by many authors (Harik and Goldberg, 1996;Thierens and Goldberg, 1993).6.5 FSS by EDA in large s
ale domainsAlthough the FSS literature 
ontains many papers, few of them ta
kle the task of FSS in domainswith more than 50 features (Aha and Bankert, 1994; Kudo and Sklansky, 2000; Li et al., 2001;Mladeni�
, 1998). In this se
tion we propose several EDA-inspired approa
hes to this kind of task.For large dimensionality domains, instead of Bayesian networks, we propose the use of foursimpler probabilisti
 models to perform FSS. It is well known in the Bayesian network literature(Friedman and Yakhini, 1996) that a large number of individuals is needed to indu
e a reliableBayesian network in domains of large dimensionality. The possibility of obtaining a large numberof individuals is not a problem in 
ertain environments, but 
al
ulation of the evaluation fun
tionof an individual takes several CPU se
onds when a wrapper evaluation fun
tion is used. Beforethe exe
ution of a FSS wrapper approa
h, we must take into a

ount the quantity of available
omputational resour
es in order to �x the following parameters for the estimation of a reliableBayesian network: number of instan
es and features of the dataset, 
hara
teristi
s of the evaluationfun
tion (
omputational speed of the wrapper 
lassi�
ation algorithm) and number of solutions inthe population. Fig 6.5 shows the relations between these 
on
epts.In this way, for large dimensionality problems, despite losing the 
apability of Bayesian networksto fa
torize multiple order intera
tions among the variables of the problem, we prefer to use simpler



76 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Models
number of features                       number of instances

characteristics of the evaluation function

number of solutions in the population

reliable estimation of Bayesian network parametersFigure 6.5. Relations between relevant 
on
epts to estimate a reliable Bayesian network.Table 6.6. Details of large-dimensionality experimental domains.Domain Number of instan
es Number of featuresAudiology 226 69Arrhythmia 452 279Cloud 1,834 204DNA 3,186 180Internet advertisements 3,279 1558Spambase 4,601 57probabilisti
 models that avoid an in
rease in the number of individuals in the population. In this
hapter we use the following four probabilisti
 algorithms:PBIL (Baluja, 1994) (using � = 0:5) and BSC (Syswerda, 1993) univariate distribution models;MIMIC (De Bonet et al., 1997) 
hain distribution model;the TREE algorithm proposed by Chow and Liu (1968).We therefore have the following FSS algorithms: FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE. These algorithms only di�er from FSS-EBNA in the probabilisti
 model employed to fa
-torize the probability distribution of sele
ted solutions: instead of FSS-EBNA's Bayesian network,they use the refered probabilisti
 algorithm. They employ the same evaluation fun
tion s
heme,basi
 wrapper 
lassi�er (NB), stopping 
riteria, population size and rule for forming su

essivepopulations as FSS-EBNA.6.5.1 Experiments in real domainsWe test the power of FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE on six real, large-dimensionality datasets. Although they have been presented in the Chapter 2 of this dissertation,Table 6.6 shows the prin
ipal 
hara
teristi
s of these datasets.Due to the large dimensionality of the datasets, we do not in
lude in the 
omparison sequentialalgorithms su
h as SFS and SBE: we just 
ompare our four FSS EDA-inspired algorithms with
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ation by Estimation of Distribution Algorithms 77Table 6.7. A

ura
y per
entages of the NB 
lassi�er on real datasets without feature sele
tion and usingFSS-GA-o and FSS-GA-u. The last row shows the average a

ura
y per
entages for all six domains.Domain Without FSS FSS-GA-o FSS-GA-uAudiology 52:39 � 5:56y 68:29 � 2:98 68:44 � 4:46Arrhythmia 39:91 � 8:50y 63:23 � 3:95 64:73 � 3:52Cloud 68:18 � 2:09y 74:49 � 1:93 75:17 � 1:22DNA 93:93 � 0:67 94:00 � 0:75 95:01 � 0:56Internet advertisements 95:23 � 0:40� 96:10 � 0:12 96:38 � 0:47Spambase 81:71 � 0:92y 88:92 � 1:45 88:77 � 1:28Average 71:88 80:83 81:41FSS-GA-o and FSS-GA-u. While Kudo and Sklansky (2000) re
ommend the use of sequential FSSalgorithms in small and medium dimensionality s
ale problems, they do not advise using them inlarge s
ale domains, and they 
onsider GAs the only pra
ti
al way to get reasonable feature subsetsover this kind of domains. The main reason for this is that sequential algorithms exhaustively sear
ha spe
i�
 part of the solution spa
e (Doak, 1992) (SFS near the empty feature set and SBE nearthe full feature set), leaving remaining large parts of the solution spa
e unexplored. Sequentialalgorithms, whi
h are prone to get stu
k in lo
al peaks (Rozsypal and Kubat, 2001), do not havea me
hanism for jumping from a subset to another very di�erent subset, but tra
e a sequen
e ofsubsets in whi
h adja
ent subsets di�er by only one feature (Kudo and Sklansky, 2000). On theother hand, population-based algorithms make use of their randomized nature, and allow a sear
hwith a larger degree of diversity. Another reason to avoid using sequential algorithms is that theappli
ation of SBE within a wrapper evaluation s
heme is 
omputationally prohibitive for largedimensionalities.With medium dimensionality datasets, the probability of sele
ting and dis
arding a feature in asolution of the initial population is the same for all the domains. However, in the huge sear
h spa
eof large s
ale domains, an adequate bias towards spe
i�
 areas of the sear
h spa
e 
ould notablyimprove the operation of population-based algorithms (GAs and EDAs), and avoid visiting a largenumber of solutions. Taking into a

ount the expert 
onsiderations in the Cloud dataset (Ahaand Bankert, 1994), the probability of sele
ting a feature in a solution of the initial population isbiased to 0:1. The Audiology, Arrhythmia and Internet advertisements datasets suggest to applyinga similar bias: in these datasets the probability of sele
ting a feature in a solution of the initialpopulation is biased to 0:05. By the introdu
tion of this bias, the nature of the 
omparison betweenGAs and EDAs is not altered and a large amount of CPU time is saved.Tables 6.7 and 6.8 show a

ura
y results (and their standard deviation) for the example domains.For ea
h domain, statisti
ally signi�
ant di�eren
es relative to the algorithm with the best estimateda

ura
y are also noted in Tables 6.7 and 6.8. Tables 6.9 and 6.10 show the average number offeatures sele
ted by ea
h approa
h (and its standard deviation). For this 
omparison, the GAparameters from the previous se
tion and the 5x2
v 
ross-validation pro
edure are used.With the use of FSS approa
hes, statisti
ally signi�
ant a

ura
y improvements and notabledimensionality redu
tions are a
hieved relative to the no-FSS approa
h in all ex
ept the DNAdataset. All six FSS algorithms obtain similar a

ura
y results and dimensionality redu
tions inall the domains. However, as in the 
ase of small and medium dimensionality datasets, we note
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ation based on Probabilisti
 Graphi
al ModelsTable 6.8. A

ura
y per
entages of the NB 
lassi�er on real datasets using FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE. The last row shows the average a

ura
y per
entages for all six domains.Domain FSS-PBIL FSS-BSC FSS-MIMIC FSS-TREEAudiology 70:22 � 2:78 68:29 � 3:18 68:88 � 3:93 70:09 � 4:12Arrhythmia 64:62 � 2:70 65:01 � 2:22 64:33 � 1:82 64:51 � 2:59Cloud 75:18 � 1:30 76:24 � 1:25 76:31 � 0:95 75:84 � 0:98DNA 94:86 � 0:64 95:40 � 0:40 95:53 � 0:29 95:40 � 0:28Internet adv. 96:49 � 0:21 96:37 � 0:41 96:46 � 0:46 96:69 � 0:63Spambase 88:63 � 1:36 89:52 � 1:38 89:80 � 0:79 89:60 � 0:93Average 81:66 81:80 81:88 82:02Table 6.9. Cardinalities of �nally sele
ted feature subsets for the NB 
lassi�er on real datasets withoutfeature sele
tion and using FSS-GA-o and FSS-GA-u. It must be taken into a

ount that when no FSS isapplied to NB, it uses all the features.Domain Without FSS FSS-GA-o FSS-GA-uAudiology 69 14:00 � 3:68 15:33 � 3:50Arrhythmia 279 15:40 � 3:02 18:30 � 4:71Cloud 204 26:40 � 4:45 27:60 � 3:86DNA 180 59:00 � 8:35 55:80 � 6:46Internet advertisements 1; 558 113:10 � 7:52 108:00 � 5:35Spambase 57 29:20 � 3:88 29:00 � 4:24Table 6.10. Cardinalities of �nally sele
ted features subsets for the NB 
lassi�er on real datasets usingFSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE.Domain FSS-PBIL FSS-BSC FSS-MIMIC FSS-TREEAudiology 10:66 � 2:50 14:33 � 4:67 13:33 � 3:14 12:50 � 2:34Arrhythmia 13:60 � 1:95 13:40 � 2:36 17:60 � 2:83 20:50 � 6:13Cloud 26:40 � 3:47 30:00 � 3:59 29:50 � 4:83 30:60 � 4:08DNA 56:90 � 5:83 56:90 � 5:89 57:40 � 7:04 59:40 � 5:10Internet adv. 114:30 � 5:65 120:25 � 18:00 122:25 � 8:88 125:00 � 17:60Spambase 28:80 � 3:82 29:10 � 3:78 29:10 � 3:41 30:50 � 3:40di�eren
es in the number of generations needed to a
hieve given a

ura
y levels. Table 6.11 showswhi
h generation FSS algorithms halt in, when the stopping 
riteria des
ribed earlier is used.Table 6.11 shows two notably di�erent kinds of behaviour. For ea
h domain in Table 6.11 statis-ti
ally signi�
ant di�eren
es relative to the algorithm whi
h needs the lowest number of generationsare noted. The results show that FSS-BSC, FSS-MIMIC and FSS-TREE arrive faster to similar�tness areas than FSS-PBIL and both of the GA approa
hes in all the domains. As in the 
ase ofmedium dimensionality datasets, the 
apture of the underlying stru
ture of the problem seems tobe essential: as FSS-MIMIC and FSS-TREE are able to 
over intera
tions of order-two among thefeatures of the task, this 
ould be the reason for their good behaviour. Note the good behaviour of
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ation by Estimation of Distribution Algorithms 79Table 6.11. Mean stop-generation for FSS algorithms. The standard deviation of the mean is reported.The initial generation is 
onsidered to be the zero generation.Domain FSS-GA-o FSS-GA-u FSS-PBIL FSS-BSC FSS-MIMIC FSS-TREEAudiology 5:80 � 0:42y 4:60 � 0:96� 5:20 � 1:03� 2:50 � 0:70 2:80 � 0:78 2:80 � 0:78Arrhythmia 8:70 � 0:48y 8:80 � 0:42y 8:30 � 0:48� 7:10 � 0:73 7:00 � 0:66 7:20 � 0:78Cloud 10:50 � 0:52� 10:60 � 1:07� 10:40 � 0:84 8:40 � 0:51 8:40 � 0:69 8:30 � 0:82DNA 12:80 � 0:91y 11:80 � 0:42y 11:30 � 0:48y 8:70 � 0:82 8:10 � 0:73 8:40 � 0:69Int. adv. 4:70 � 1:41 5:00 � 1:41 5:00 � 0:66 4:40 � 1:26 4:30 � 0:67 4:00 � 1:63Spambase 4:80 � 1:03 5:20 � 0:63 5:50 � 1:17 4:20 � 0:91 3:70 � 0:82 4:20 � 1:22Table 6.12. Average CPU times (in se
onds) for the indu
tion of di�erent probabilisti
 models (standarddeviations are nearly zero) in ea
h generation of the EDA sear
h. The last 
olumn shows the average CPUtime to estimate the predi
tive a

ura
y of a feature subset by the NB 
lassi�er.Domain PBIL BSC MIMIC TREE NBAudiology 1:2 1:3 1:8 2:2 1:0Arrhythmia 4:0 4:2 12:2 25:3 2:6Cloud 2:3 2:4 6:5 14:6 7:2DNA 1:8 2:0 4:8 10:9 5:3Internet advertisements 101:1 106:4 808:5 1; 945:6 9:8Spambase 0:8 0:9 1:2 1:8 8:2FSS-BSC, a probabilisti
 algorithm whi
h does not 
over intera
tions among domain features: theexplanation of these FSS-BSC results 
ould be its dire
t use of the a

ura
y per
entages to estimatethe univariate probabilities, probabilities whi
h are simulated to generate the new solutions of ea
hEDA-generation. On the other hand, the behaviour of FSS-PBIL, the other order-one probabilisti
algorithm, is similar to that of the GA approa
hes. We suspe
t that the explanation of this resultis the absen
e of a tunning pro
ess to sele
t a value for the � parameter: previous studies indi
atethat a good sele
tion of the PBIL � parameter is a 
riti
al task (Gonz�alez et al., 2001).Be
ause of the large dimensionality of the datasets, when the wrapper approa
h is employedto estimate the goodness of a feature subset, faster dis
overy of similar �tness solutions be
omesa 
riti
al task. Despite the faster nature of the NB 
lassi�er, a large amount of CPU time issaved by avoiding the simulation of several generations of solutions. In order to understand theadvantages of the EDA approa
h relative to the GA approa
h, CPU times for the indu
tion of theprobabilisti
 models must be studied: the EDA approa
h has the added overhead of the 
al
ulationof probabilisti
 models in ea
h EDA-generation. Table 6.12 shows, for ea
h domain, the average CPUtimes to indu
e the asso
iated probabilisti
 model in ea
h generation. The last 
olumn also showsthe average CPU times needed to estimate the predi
tive a

ura
y of a single feature subset by theNB 
lassi�er: note that the times in the last 
olumn are not 
omparable with the previous 
olumns,but they help to understand the magnitude of the CPU time savings when fewer generations areneeded to a
hieve similar a

ura
y results.As CPU times for the indu
tion of probabilisti
 models are insigni�
ant in all domains ex
eptInternet advertisements, the CPU time savings relative to GA approa
hes shown in Table 6.11 are



80 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsTable 6.13. Number of generations needed on average (and their standard deviation) by FSS-GA-o, FSS-GA-u, FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE to dis
over a feature subset that equalizes orsurpasses the estimated a

ura
y level of the feature subset whi
h indu
es the domain. The initial generationis 
onsidered to be the zero generation.Domain FSS-GA-o FSS-GA-u FSS-PBIL FSS-BSC FSS-MIMIC FSS-TREERed60of1 6:70 � 0:48y 4:10 � 0:31 12:80 � 0:91y 7:60 � 0:51y 8:60 � 0:51y 8:00 � 0:47yRed30of2 22:40 � 4:22y 73:50 � 5:73y 66:30 � 7:52y 36:40 � 3:13y 15:10 � 2:33 10:90 � 1:52Red30of3 21:00 � 2:26y 119:00 � 5:27y 113:80 � 8:76y 89:50 � 17:60y 18:90 � 2:13 16:30 � 1:33maintained. In the 
ase of the Internet advertisements domain, as order-two probabilisti
 approa
hes(MIMIC and TREE) need a large amount of CPU time in ea
h generation, the advantage of usingthem (in CPU time savings) relative to GA approa
hes is 
onsiderably redu
ed. It must be notedthat GAs' CPU times for re
ombination operations in ea
h generation are nearly zero.6.5.2 Experiments in arti�
ial domainsAs in the 
ase of small and medium s
ale domains, we have designed three arti�
ial datasets of2; 000 instan
es ea
h, where the feature subset whi
h indu
es ea
h domain is known; Red60of1 andRed30of3 have 100 and Red30of2 80 
ontinuous features in the range [3; 6℄, and the target 
on
eptis the same as the arti�
ial datasets in the previous se
tion. The des
ription of the three databasesis as follows:no intera
tions appear among the features of the Red60of1 domain. While 60 features indu
ethe 
lass of the domain, the remaining of 40 features are irrelevant;there are 30 groups of 2 repeated features ea
h in the Red30of2 domain while the remaining 20features are not repeated. The 
lass of the domain is indu
ed by these 20 individual featuresand one feature from ea
h of the 30 groups;there are 30 groups of 3 repeated features ea
h in the Red30of3 domain while the 10 individualfeatures are not repeated. The 
lass of the domain is indu
ed by these single 10 features andone feature from ea
h of the 30 groups.While the degree of the relations among the features of Red60of1 is well suited to be 
overedby probabilisti
 algorithms of order-one, approa
hes of order-two are needed for Red30of2 andapproa
hes of order three (i.e. Bayesian networks) for Red30of3. Conditional probabilities for avariable given the value of another variable and also for a variable given values of a set of othervariables should be 
onsidered in Red30of3. Maintaining the framework given in the previous se
tion,Table 6.13 shows the generation where GA and EDA approa
hes dis
over a feature subset thatequalizes or surpasses the estimated a

ura
y level of the feature subset whi
h indu
es the domain.For ea
h domain, statisti
ally signi�
ant di�eren
es relative to the algorithm whi
h needs the lowestnumber of generations are also shown in Table 6.13.In Red60of1, a domain with no intera
tions among the variables of the problem, the good be-haviour of GA approa
hes relative to EDA order-two approa
hes must be noted. We think thatthe absen
e of a tuning pro
ess (Gonz�alez et al., 2001) to �x the � parameter of PBIL is 
riti
al tounderstanding its behaviour in this domain. However, with the appearan
e of intera
ting features
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ation by Estimation of Distribution Algorithms 81in the tasks Red30of2 and Red30of3, the performan
e of order-two probabilisti
 approa
hes (MIMICand TREE) is noti
ably di�erent from the remaining algorithms: this superiority of EDA order-twoapproa
hes relative to GAs and order-one approa
hes in domains with intera
ting features is alsonoted in the literature (De Bonet et al., 1997; Pelikan and M�uhlenbein, 1999). In this way, wehypothesize that in natural domains, the superior behaviour of order-two probabilisti
 approa
hesrelative to order-one approa
hes and GAs is due to the existen
e of intera
ting features in thesetasks.As in the 
ase of medium dimensionality datasets, Table 6.13's results are a
hieved when theintera
ting variables of the same group are mapped-
oded together in the individual's representation.When we perform the same set of experiments but randomly separate the intera
ting features inthe individual's representation, FSS-GA-o needs the following number of generations to dis
over afeature subset whi
h equalizes or surpasses the estimated a

ura
y level of the feature subset thatindu
es the domain:46:70� 6:53 in Red30of2;48:00� 5:88 in Red30of3.We note again that while FSS-GA-u and EDA approa
hes are not in
uen
ed by the positionsof features in the individual's representation, FSS-GA-o noti
ably su�ers when intera
ting featuresare not 
oded together. As the Red60of1 domain has no intera
tions among the features of the task,it is not in
luded in this 
omparison.6.6 Summary and future workThe appli
ation of the EDA paradigm to solve the well known FSS problem has been studied.While the most powerful probabilisti
 model (Bayesian networks) is used with small and mediumdimensionality s
ale datasets, simpler probabilisti
 models are used with large dimensionalities.Making use of an appropiate probabilisti
 model, we note that GA approa
hes need more genera-tions than an adequate EDA approa
h to dis
over similar �tness solutions. We show this behaviouron a set of natural and arti�
ial datasets. We also show that while the performan
e of GA withuniform 
rossover and EDA approa
hes are not in
uen
ed by the bit positioning in the individ-ual's representation, GA with one-point 
rossover shows a noti
able de
ay in its performan
e whenintera
ting bits are not 
oded together.While Bayesian networks are an adequate and non-CPU expensive probabilisti
 tool for smalland medium dimensionality datasets, PBIL, BSC, MIMIC and dependen
y trees seem suitable forlarge dimensionality ones. However, be
ause of the high CPU times needed for the indu
tion oforder-two algorithms in the Internet advertisements domain, the CPU time saving produ
ed by thisredu
tion in the number of solutions relative to GA approa
hes is noti
ably redu
ed.As future work, we envision the use of other probabilisti
 models with large dimensionalitydatasets, models whi
h assume few or no dependen
ies among the variables of the domain. Anotherinteresting possibility is the use of parallel algorithms to indu
e Bayesian networks in these kindsof tasks (Lozano et al., 2001; Sang�uesa et al., 1998; Xiang and Chu, 1999). When dimensionalitiesare higher than 1; 000 variables, resear
h is needed on the redu
tion of CPU times asso
iated withthe use of probabilisti
 order-two approa
hes.The advan
es in the last de
ade in genome sequen
ing have lead to the spe
ta
ular developmentof a new te
hnology, named DNA mi
roarray (Golub et al., 1999). DNA mi
roarray allows the mon-itoring and measurement of the expression levels of many genes simultaneously, obtaining datasets
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Modelsof thousands of genes. Although several experimentation pro
esses have been 
arried out (Blan
oet al., 2001; Inza et al., 2002b), the appli
ation of FSS EDA-inspired approa
hes in this kind ofdomains is an ex
iting area of resear
h.



Chapter 7FeatureWeighting for Nearest Neighbor Classi�er by Estimationof Distribution Algorithms
7.1 Overview of the 
hapterNearest Neighbor is a well known paradigm, largely used to solve many 
lassi�
ation problems.Its a

ura
y depends heavily on the weight of ea
h feature in its distan
e metri
 
al
ulation. Inthis 
hapter, we present two EDA inspired te
hniques to learn a

urate feature weights for theNearest Neighbor algorithm. The �rst method, with the use of Bayesian networks within the EDAs
heme, performs for ea
h variable a sear
h in a set of three dis
rete weights. The se
ond one, withthe employment of Gaussian networks, works in a 
ontinuous range of weights. Both methods are
ompared with two sequential and one geneti
-inspired algorithm in natural and arti�
ial datasets.A wrapper pro
edure is used to evaluate the sets of weights proposed by all the 
ompared algorithms.After an introdu
tion, where the Feature Weighting problem for Nearest Neighbor 
lassi�er isformalized, a survey of previous approa
hes in the �eld will be performed. The spe
i�
 appli
ationof Bayesian and Gaussian networks, within the EDA paradigm, to solve the proposed problem willbe exposed. Results over natural and arti�
ial domains and ways for future resear
h will also bepresented.This 
hapter is an adaptation of the works of Inza (1999) and Inza et al. (2001
).7.2 MotivationThe K-Nearest Neighbor (K-NN) 
lassi�er has long been used by the Pattern Re
ognition andMa
hine Learning 
ommunities (Dasarathy, 1991) in supervised 
lassi�
ation tasks. The basi
approa
h involves storing all training instan
es and then, when a test instan
e is presented, retrievingthe training instan
es nearest (least distant) to this test instan
e and using them to predi
t its 
lass.Distan
e is 
lassi
ally de�ned as follows in a domain with n des
riptive features:distan
e(x;y) =vuut nXi=1 wi � differen
e(xi; yi)2where x = (x1; :::; xi; :::; xn) and y = (y1; :::; yi; :::; yn) are instan
es and wi is a weight value assignedto feature i-th feature. To 
ompute the di�eren
e between two values, the overlap metri
 (Salzberg,1991) is normally used for symboli
 features and the absolute di�eren
e (after being normalized)for numeri
 ones. 83



84 Advan
es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsDissimilarities among values of the same feature are 
omputed and added together to obtain arepresentative value of the dissimilarity (distan
e) between the 
ompared instan
es. As this distan
e
al
ulation pro
ess is highly CPU time 
onsuming, the Nearest Neighbor algorithm is usually appliedover datasets with few instan
es (normally less than 1; 000).In the basi
 Nearest Neighbor approa
h, dissimilarities in ea
h dimension are added in a naivemanner, weighting equally dissimilarities in ea
h dimension (for all features: wi = 1). This ap-proa
h is unrealisti
, allowing irrelevant features to in
uen
e the distan
e 
omputation and treatingequally features with di�erent degrees of relevan
e. With this handi
apped approa
h, ea
h time anunimportant feature is added to the feature set and a weight similar to the weight for an importantfeature is assigned to it, the number of training instan
es needed to maintain the predi
tive a

ura
yis in
reased exponentially (Lowe, 1995). This phenomenon is known as the 
urse of dimensional-ity. In order to �nd a realisti
 weight for ea
h feature of the problem, several approa
hes havebeen proposed by the Pattern Re
ognition and Ma
hine Learning 
ommunities, under the headingof Feature Weighting for Nearest Neighbor. Hill-
limbing and geneti
 approa
hes are possibly themost 
ommonly used sear
h te
hniques for this Feature Weighting (FW) task.In this 
hapter we propose the use of EDA-inspired te
hniques to ta
kle the FW task. Wepresent two novel approa
hes that sear
h for a set of appropiate weights for the Nearest Neighboralgorithm. The �rst approa
h, 
alled FW-EBNA (Feature Weighting by Estimation of BayesianNetwork Algorithm), whi
h uses Bayesian networks, performs for ea
h variable a sear
h in a set ofthree dis
rete weights. The se
ond one, FW-EGNA (Feature Weighting by Estimation of GaussianNetwork Algorithm), whi
h uses Gaussian networks, allows the sear
h to be 
arried out in the [0; 1℄
ontinuous interval of weights.7.3 Review of related worksSin
e the Pattern Re
ognition and Ma
hine Learning 
ommunities frequently use the NearestNeighbor 
lassi�er, they have also proposed many variants of it to address the FW problem. A
omplete review of these e�orts was done by Wetts
here
k et al. (1997), whi
h 
lassi�ed FWalgorithms along �ve di�erent dimensions. In this se
tion, in order to properly lo
ate both EDA-inspired approa
hes, and assuming that their prin
ipal 
ontribution is the sear
h me
hanism, weorganize the prin
ipal FW algorithms by the sear
h strategy that they use to optimize the set ofweights. The major part of approa
hes state the FW task as a 
lassi
 NP-hard optimization problem(Wetts
here
k et al., 1997), whi
h justi�es the use of sear
h heuristi
s.Several well-known FW methods learn the set of weights by means of a hill-
limber, an in
re-mental and on-line strategy, whi
h makes only one pass through the training data. Applying thenearest neighbor's distan
e fun
tion, they iteratively adjust the feature weights after one or several
lassi�
ations (on the training set) are made. Weight adjustment is 
omputed to take a

ount ofwhether the 
lassi�
ation given was 
orre
t or in
orre
t. Considering ea
h training instan
e on
e,weight adjustment has the purpose of de
reasing the distan
e similarity metri
 among instan
esof the same 
lass and in
reasing the distan
e among instan
es of di�erent 
lasses. These types ofalgorithms 
an be seen in Salzberg (1991), Aha (1992) and Kira and Rendell (1992).Lowe (1995) and S
herf and Brauer (1997) have proposed another lo
al sear
h me
hanism knownas gradient des
ent optimization that optimizes a set of 
ontinuous weights. Lowe (1995) appliesgradient des
ent over the distan
e similarity metri
 to optimize feature weights so as to minimize theleave-one-out 
ross-validation error (LOOCE) on the training set. Lowe (1995) tries to prevent largeweight 
hanges in the optimization pro
ess whi
h are not statisti
ally reliable on datasets with fewexamples. In the other work, S
herf and Brauer (1997) apply gradient des
ent to optimize feature



Feature Weighting for Nearest Neighbor Classi�er by Estimation of Distribution Algorithms 85weights so as to minimize a fun
tion whi
h reinfor
es the distan
e similarities between all traininginstan
es of the same 
lass while de
reasing the similarities between instan
es of di�erent 
lasses.Instead of being in
remental on-line optimizers, these two approa
hes, repeatedly pass through thetraining set: ea
h time a new weight set of weights is 
al
ulated, they use the training set to measurethe value of the fun
tion to be optimized.We 
an qualify hill-
limbing and gradient des
ent optimization as lo
al sear
h engines in thesense that they 
an not es
ape from lo
al optima. Kohavi et al. (1997a) propose a best-�rst sear
hwhi
h has this 
apability of es
ape from lo
al optima. Using the wrapper approa
h, ea
h time aweight set is found, the training set is used to estimate the a

ura
y of the proposed set by 10-fold
ross-validation. In order to avoid the over�tting risk, rather than 
onsidering a 
ontinuous weightspa
e, they restri
t the possible weights to a small, �nite set.All the algorithms reviewed so far are deterministi
 in the sense that all runs over the same datawill always give the same result. As far as we know, GAs, EDAs and random sampling have beenthe only non-deterministi
 sear
h engines applied to the FW problem. With the non-deterministi
approa
h, randomness is used to avoid getting stu
k in lo
al optimas: this implies that one shouldnot expe
t the same weight set solution from di�erent runs.GAs are used in mu
h work in this area (Kelly and Davis, 1991; Pun
h et al., 1993; Rozsypaland Kubat, 2001; Wilson and Mart��nez, 1996). Proposed GA works use the wrapper approa
h toguide the sear
h, with a

ess to the training set ea
h time a new weight set is found, but they di�erslightly in the way that they apply it. Kelly and Davis (1991) measure the �ve-fold 
ross-validationa

ura
y on training data. Pun
h et al. (1993) use a 5-NN approa
h, with LOOCE used on thetraining data, and propose a mixed �tness fun
tion whi
h 
ombines the LOOCE with the numberof neighbors that were not used in the �nal 
lassi�
ation of ea
h training instan
e. Rozsypal andKubat (2001), at the same time they sele
t the proper features (only two dis
rete weights are used:0:0 and 1:0), they also try to redu
e the number of training prototypes, and propose a mixed �tnessfun
tion whi
h involves a trade-o� between the LOOCE value and the number of retained examples.Wilson and Mart��nez (1996) just measure the LOOCE on the training data.Sierra et al. (2001), by the use of univariate EDAs, also try to simultaneously sele
t features andprototypes for the Nearest Neighbor 
lassi�er in a medi
al problem. A wrapper approa
h is used,measuring the LOOCE on the training set.Skalak (1994) uses Monte Carlo sampling to simultaneously sele
t features and prototypes forNearest Neighbor. He also utilizes random mutation hill 
limbing (Papadimitrious and Steiglitz,1982), a lo
al sear
h method that has a sto
hasti
 
omponent: 
hanging at random one point in thesolution until an improvement is a
hieved, with a bound on the maximum number of iterations. Thewrapper approa
h is used, with a hold-out estimate to measure the feature and prototype subsetperforman
e on the training data.The feature sele
tion algorithm for Nearest Neighbor proposed by Aha and Bankert (1994), in adomain with 204 features, also has a random sampling 
omponent: they randomly sample a spe
i�
part of the feature spa
e for a �xed number of iterations and then begin a beam sear
h with the best(by the ten-fold 
ross-validation wrapper approa
h) feature subset found during those iterations.All the reviewed algorithms state the FW task as a sear
h problem. They are grouped under theterm wrapper be
ause they use feedba
k from the Nearest Neighbor 
lassi�er itself during trainingto learn weights. In order to measure the value of the wrapper fun
tion to be optimized, whileon-line weighting algorithms only use the training set on
e, the rest of the algorithms presented usethe training set ea
h time a new weight set is found.
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsOther well-known approa
hes do not state the FW task as a sear
h problem and learn featureweights from the intrinsi
 
hara
teristi
s of the data. These approa
hes do not make use of theNearest Neighbor 
lassi�er itself to learn the weights, and, as in the 
ase of FSS task, they 
antherefore be grouped under the term �lter (Kohavi and John, 1997). To learn a set of weights,these 
lassi
 approximations make use of 
onditional probabilities (Cre
y et al., 1992), 
lass proje
-tions (Stan�ll and Waltz, 1986) (Howe and Cardie, 1997)), mutual-information (Wetts
here
k andDietteri
h, 1995) and information-gain (van den Bos
h and Daelemans, 1993). In other interestingwork, Cardie and Howe (1997) �rst build a de
ision tree to sele
t features and then weight ea
hfeature a

ording to its information-gain s
ore. The algorithm proposed by G�uvenir and Akkus(1997) assums that the weight of a feature is proportional to the a


ura
y that will be obtained by
onsidering only that feature for 
lassi�
ation when using the OneR (Holte, 1993) 
lassi�er.7.4 Learning weights for Nearest Neighbor by Bayesian andGaussian networksWe use the sear
h me
hanism provided by EBNA (Etxeberria and Larra~naga, 1999) to sear
h aset of appropiate weights for the FW task: the algorithm is 
allled FW-EBNA. In order to spe
ifythe nature of our sear
h spa
e for FW-EBNA, we restri
t the spa
e of possible weights to a set ofdis
rete weights. Thus, we follow the �ndings of Kohavi et al. (1997a) to determine the number ofpossible dis
rete weights. Applying a wrapper approa
h (Kohavi and John, 1997), the authors foundthat 
onsidering only a small set of weights gave better results than using a larger set: in
reasingthe number of possible weights greatly in
reased the varian
e in their FW algorithm, whi
h indu
eda deterioration in the overall performan
e. However, when the wrapper approa
h was applied, they
on
luded that the overall utility of in
reasing the number of possible weights above two or threeis negative. In FW-EBNA the sear
h is also performed by a wrapper pro
edure in a dis
rete spa
eof weights: we restri
t our sear
h spa
e to three possible weights for ea
h feature, i.e. f0; 0:5; 1g.If n is the number of features in a domain, then the 
ardinality of the sear
h spa
e for FW-EBNAis 3n. With this restri
ted set of possible feature weights, a 
ommon notation is used to representea
h individual: for a full n feature problem, there are n bits in ea
h proposed solution, where ea
hbit indi
ates whether a feature has 0:0 weight, 0:5 weight or 1:0 weight.The same implementation of the EBNA algorithm proposed for FSS-EBNA is used for FW-EBNA: a fast s
ore + sear
h pro
edure is used to learn the Bayesian network in ea
h generationof the sear
h, where Algorithm B (Buntine, 1991) 
onstitutes the sear
h part and the BIC metri
(S
hwarz, 1978) the s
ore part.The set of possible weights 
an be extended to a 
ontinuous spa
e of weights by the use ofthe EGNA (Larra~naga et al., 2000a) sear
h engine. By using Gaussian networks, we 
onsider a
ontinuous spa
e of weights for ea
h feature in the [0; 1℄ range. In our spe
i�
 implementation of theEGNA algorithm a fast s
ore + sear
h pro
edure is also prefered for learning the Gaussian networkin ea
h sear
h generation. The sear
h method is also Algorithm B (Buntine, 1991) and the BGe(Geiger and He
kerman, 1994) is the applied s
oring metri
.As the exe
ution of the Nearest Neighbor algorithm has a high 
omputational 
ost, it is tradi-tionally applied over datasets with a low number of instan
es and features. Taking into a

ountthis low dimensionality, Bayesian and Gaussian networks are attra
tive paradigms within the EDAparadigm to dis
over the relationships among the moderated amount of variables of the domain.In this way, the use of simpler probabilisti
 models whi
h are not able to re
e
t multiple orderrelationships paradigm among domain variables is dis
arded.
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ount, as in the 
ase of FSS, we
onsider that a population size of 1; 000 individuals within the EDA paradigm is enough to reliablyestimate the network parameters.Sin
e our obje
tive is to resear
h FW rather than the 
orre
t amount of neighbors (K) to be
onsidered for 
lassi�
ation, the number of neighbors for FW-EBNA and FW-EGNA is �xed toone. Thus, the 1-NN 
lassi�er is used.The same s
heme proposed for FSS is used to 
on�gure subsequent populations. The best in-dividual of the previous generation is maintained and N � 1 individuals are 
reated as o�spring.An elitist approa
h is used then to form iterative populations. Instead of dire
tly dis
arding theN�1 individuals from the previous generation and repla
ing them with N�1 newly generated ones,the 2N � 2 individuals are put together and the best N � 1 
hosen from them. These best N � 1individuals together with the best individual of the previous generation form the new population.In this way, the populations 
onverge faster to the best individuals found, but, this also 
arries arisk of losing diversity within the population.The wrapper s
hema (Kohavi and John, 1997) is applied to assess the evaluation fun
tion of ea
hproposed solution, by 
al
ulating the LOOCE of the 1-NN 
lassi�er applied over the found set ofweights. Following the basi
 EDA s
heme, the initial population of weights is randomly 
reated.In order to adopt a stopping 
riteria, we are based on the study about the over�tting problem andele
tion of an appropiate stopping 
riteria 
arried out in Chapter 6. As we said in the se
ond se
tionof this Chapter, the Nearest Neighbor algorithm is normally applied over small (and usually noisy)training sets, and this in
reases the risk of impa
t of the over�tting phenomenom. In an attemptto redu
e this over�tting risk, we adopt the 
riteria to stop the sear
h when in a sampled newgeneration no feature weight set appears with a LOOCE improvement, with a p-value smaller than0:1 (applying a 
ross-validated paired t test), over the lowest LOOCE of the previous generation.Thus, the feature weight set with the lowest LOOCE of the previous generation is returned as FW-EBNA's or FW-EGNA's solution. This 
riteria was also adopted to ta
kle the FSS task for datasetswith less than 1; 000 instan
es (see Chapter 6).As in the 
ase of FSS, adopting this stopping 
riterion, we aim to avoid the over�tting risk of thewrapper pro
ess, by only allowing the sear
h to 
ontinue when a signi�
ant improvement appearsin the a

ura
y estimation of the best feature weights of 
onse
utive generations. We hypothesizethat when this signi�
ant improvement appears, the over�tting risk de
ays and there is a basisfor further generalization a

ura
y improvement over unseen instan
es. When this improvementis absent, we hypothesize that the sear
h is getting stu
k in an area of the sear
h spa
e withoutstatisti
ally signi�
ant better feature weights (
ompared to already found ones). Therefore, it isbest to stop the sear
h to avoid the risk of over�tting.Another 
onsideration in this stopping 
riterion is the wrapper nature of the proposed evaluationfun
tion, the LOOCE estimate of the 1-NN 
lassi�er using the found weights. As we will see inthe next se
tion, the evaluation fun
tion value of ea
h visited solution needs several se
onds to be
al
ulated. As the simulation of a new generation of individuals implies the evaluation of 1; 000 newindividuals, the sear
h is only allowed to 
ontinue when it demonstrates that it is able to es
apefrom lo
al optima, and 
an dis
over new best feature weights in ea
h generation. When the wrapperapproa
h is used, the CPU time must be also 
ontrolled: we hypothesize that when the sear
h isallowed to 
ontinue by our stopping 
riterion, the CPU times to evaluate a new generation of featureweights are justi�ed.
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Figure 7.1. FW-EBNA method.Figure 7.1 gives an overview of the FW-EBNA method. FW-EGNA only di�ers from FW-EBNAin the probabilisti
 model employed to fa
torize the probability distribution of sele
ted solutionsand in the set of possible weights.7.5 Experimental 
omparisonThe power of FW-EBNA and FW-EGNA is tested on four arti�
ial and four real domains. Allreal datasets are presented in Chapter 2 of this dissertation. Table 7.1 summarizes the 
hara
teristi
sof these domains.LED24 is a well known arti�
ial dataset with 7 equally relevant and 17 irrelevant binary features.Waveform-21 is another well known arti�
ial dataset. All the features have di�erent degrees ofrelevan
e. Both datasets have a signi�
ant degree of noise.The 3-Weights domain has 12 
ontinuous features in the range [3; 6℄. Its target 
on
ept is to de�newhether the instan
e is 
loser (using the Eu
lidean metri
 in all dimensions and summing them) to(0; 0; : : : ; 0) or (9; 9; : : : ; 9). In the distan
e 
omputation 1:0 weight is assigned to 4 features, 0:5weight to another 4 features and 0:0 to the 4 remaining ones. The 3-Weights dataset is inspired bythe W domain proposed by Kohavi et al. (1997a).The C-Weights domain has 10 
ontinuous features in the range [3; 6℄ and its target 
on
ept is thesame as the 3-Weights dataset. However, randomly 
reated weights in the 
ontinuous range [0; 1℄are assigned for the distan
e 
omputation of the features.We hypothesize that, while LED24 and 3-Weights domains are properly designed for the FW-EBNA approa
h, the 
ontinuous nature of Waveform-21 and C-Weights should be better for FW-EGNA. These four domains arise from natural tasks for whi
h the true weights are unknown.
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es Number of features(1)LED24 600 24(2)Waveform-21 600 21(3)3-Weights 600 12(4)C-Weights 600 10(5)Glass 214 9(6)CRX 690 15(7)Vehi
le 846 18(8)Contra
eptive 1,473 9Due to the large number of instan
es in the Contra
eptive domain, instead of a LOOCE evaluations
heme, a multiple-times 10-fold 
ross-validation pro
edure is used (Kohavi and John, 1997). The10-fold 
ross-validation is repeated until the standard deviation drops below 1%, up to a maximumof �ve times.To test the power of FW-EBNA and FW-EGNA, a 
omparison with two sequential and onegeneti
 FW algorithm is 
arried out. These FW algorithms are:Geneti
 Algorithm with one-point 
rossover (FW-GA-o). This performs the sear
h for ea
hvariable in the same set of 3 dis
rete weights as FW-EBNA;a improved variation of the sequential DIET (
alled DIET-10) algorithm proposed by Kohavi etal. (1997a). This also performs the sear
h in the same 3 dis
rete weight spa
e as above. DIETand DIET-10 use the best-�rst (Russell and Norvig, 1995) algorithm to guide the sear
h. Thesear
h starts with the solution (0:5; 0:5; :::; 0:5) and is stopped when it en
ounters 10 
onse
utivenodes with no 
hildren having s
ores more than 0:1% better than their parent. The improvementintrodu
ed relative to Kohavi et al.'s (1997a) implementation is that the original DIET algorithmstops the sear
h when the number of 
onse
utive nodes with worse 
hild s
ores is only 5;IB4 (Aha, 1992) assigns weights to features by means of a hill-
limbing, sequential, in
rementaland on-line strategy, with only one pass through the training data. As with FW-EGNA, IB4performs the sear
h in the [0; 1℄n 
ontinuous weight spa
e.FW-GA-o and DIET-10 use the same wrapper evaluation fun
tion as the FW EDA approa
hes(FW-EBNA and FW-EGNA). Although DIET-10 and IB4 stop deterministi
ally, FW-GA-o appliesthe same halting 
riteria as FW EDA algorithms. While DIET-10, FW-GA-o and FW-EBNAperform the sear
h in 3-weight dis
rete spa
e, IB4 and FW-EGNA's sear
h spa
e is 
ontinuous.For the geneti
 approa
h, the same parameter sele
tion performed in Chapter 6 is sele
ted. Theprobability of 
rossover is set to 1:0 and the mutation probability to 1=n. Fitness-proportionalsele
tion is used to sele
t individuals for 
rossover. In order to avoid any bias in the 
omparison,the remaining FW-GA-o parameters are the same as the EDA approa
hes: the population size isset to 1; 000 and the new population is formed from the best members of both the old populationand its o�spring.Be
ause of the non-deterministi
 nature of FW-EBNA, FW-EGNA and FW-GA-o, 5 repli
ationsof 2-fold 
ross-validation (5x2
v) are applied to assess the predi
tive generalization a

ura
y of allthe FW algorithms being 
ompared.
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsTable 7.2. A

ura
y per
entages of the Nearest Neighbor algorithm using the 5 FW methods shown andwithout FW. The standard deviation of the estimated per
entage is also reported.Domain no-FW DIET-10 FW-GA-o FW-EBNA IB4 FW-EGNALED24 47:37 � 3:36y 63:84 � 2:42� 68:64 � 1:30 69:03 � 1:54 66:70 � 1:80 61:55 � 1:90yWaveform-21 76:20 � 1:48 76:66 � 1:62 76:71 � 1:57 76:87 � 1:04 77:96 � 1:62 76:90 � 1:483-Weights 77:19 � 3:36y 81:91 � 1:98� 82:88 � 1:66 85:99 � 1:57 80:32 � 4:46y 82:00 � 2:72C-Weights 81:01 � 1:14y 83:55 � 1:56 83:93 � 1:24 83:55 � 1:56 81:98 � 1:84y 84:33 � 1:31Glass 64:85 � 2:15y 71:34 � 4:89 71:32 � 2:97 71:12 � 5:01 61:13 � 5:55� 70:09 � 2:83CRX 81:56 � 1:92� 82:12 � 2:01� 83:14 � 1:81 83:74 � 1:94 85:48 � 0:92 82:17 � 2:14�Vehi
le 67:33 � 2:11 68:71 � 1:48 69:86 � 1:42 69:43 � 2:11 64:65 � 2:32� 69:58 � 2:33Contra
eptive 43:61 � 0:97y 47:54 � 2:99 48:10 � 2:50 48:32 � 2:34 45:66 � 2:66� 44:95 � 2:10yAvg. artif. 70:44 76:49 78:04 78:86 76:74 76:19Avg. real 64:33 67:42 68:10 68:15 64:23 66:69We extend the 
omparison by running the Nearest Neighbor algorithm with homogeneous weights(no-FW). Table 7.2 shows the a

ura
y results for these algorithms.A deeper analysis of the a

ura
y results is 
arried out by using statisti
al tests. The 5x2
vF (Alpaydin, 1999) test is performed to determine the signi�
an
e degree of a

ura
y di�eren
esamong the proposed algorithms. In Table 7.2, the symbol `y' denotes a statisti
ally signi�
antdi�eren
e from the best FW algorithm in the domain at the 0:05 
on�den
e level; `�', signi�
an
e atthe 0:1 level. These symbols have the same meaning in all the tables in this 
hapter. Experimentsare exe
uted on a SGI-Origin 200 
omputer.Using di�erent FW te
hniques, statisti
ally signi�
ant a

ura
y improvements are a
hieved rel-ative to the no-FW approa
h in all datasets ex
ept Waveform-21 and Vehi
le. Although a

ura
ydi�eren
es between FW algorithms are not statisti
ally signi�
ant for most of the datasets, FW-EBNA has the best average a

ura
y among the 
ompared methods in the arti�
ial and real datasets.However, on average, the a

ura
ies of IB4, DIET-10 and FW-EGNA in the arti�
ial domains andIB4 in the real datasets are notably poorer than the results obtained by FW-EBNA.It is not an easy task to show signi�
ant a

ura
y di�eren
es among 
lassi�
ation algorithmsin real datasets. Kohavi and John (1997) argue that real datasets are already prepro
essed toin
lude only relevant features, and this makes the appearan
e of signi�
ant a

ura
y di�eren
esamong 
ompared 
lassi�
ation te
hniques unlikely. In natural and arti�
ial domains, FW-GA-o andFW-EBNA a
hieve similar average values, and they do not show statisti
ally signi�
ant a

ura
ydi�eren
es in any domain. The other population based algorithm, FW-EGNA, has an inferioraverage behavior in both natural and arti�
ial domains with respe
t to FW-GA-o and FW-EBNA. Inthis way, FW-EGNA shows statisti
ally signi�
ant di�eren
es in LED24 and Contra
eptive domainswith respe
t to the best algorithm in these tasks, FW-EBNA.Note the irregular behaviour of IB4: while it shows the best a

ura
ies in Waveform-21 andCRX, it has signi�
ant di�eren
es relative to the best algorithm in all the other datasets ex
eptLED24. On the other hand, the 
omparable behaviour of DIET-10 relative to the population-basedalgorithms in many of the datasets must be noted.FW-EBNA has the best estimated a

ura
y in the arti�
ial domains with dis
rete weights, LED24and 3-Weights. On the other hand, in the arti�
ial domains with 
ontinuous true weights, whileFW-EGNA shows the best a

ura
y in C-Weights, its a

ura
y is surpassed by IB4 inWaveform-21.



Feature Weighting for Nearest Neighbor Classi�er by Estimation of Distribution Algorithms 91Table 7.3. Mean stop-generation for FW-GA-o, FW-EBNA and FW-EGNA. The standard deviation ofthe mean is also reported. The initial generation is 
onsidered to be the zero generation.Domain FW-GA-o FW-EBNA FW-EGNALED24 6:50 � 0:54y 4:50 � 0:47 8:66 � 0:51Waveform-21 2:50 � 1:37 2:33 � 1:03 2:16 � 1:833-Weights 2:50 � 1:22 2:66 � 0:81 3:50 � 1:04C-Weights 5:16 � 1:16 3:33 � 1:50 3:16 � 1:16Glass 1:00 � 0:89 1:00 � 0:63 1:66 � 1:50CRX 1:33 � 1:75 1:33 � 0:51 1:83 � 1:83Vehi
le 3:16 � 0:75� 1:16 � 0:40 1:33 � 0:81Contra
eptive 2:66 � 0:81� 1:83 � 0:98 2:00 � 0:63It must be remembered that among the FW algorithms being 
ompared, only FW-EGNA and IB4perform the sear
h in a 
ontinuous weight spa
e.In spite of the similar a

ura
y levels obtained by FW-GA-o and FW-EBNA in all the datasets, itmust be noted that in several domains, there are signi�
ant di�eren
es between both algorithms inthe number of generations needed to obtain these similar a

ura
ies. Table 7.3 shows the generationsin whi
h population-based FW-GA-o and FW-EBNA stop with the stopping 
riterion shown earlier.Statisti
ally signi�
ant di�eren
es between these algorithms are marked. Table 7.3 also shows FW-EGNA's mean-stop generation, but sin
e the nature of their sear
h spa
es is di�erent, 
omparisonsbetween FW-EGNA and the population-based dis
rete FW algorithms (FW-GA-o and FW-EBNA)should be made with 
aution.Although FW-GA-o and FW-EBNA do not have statisti
ally di�erent a

ura
ies in the LED24,Vehi
le and Contra
eptive domains, FW-EBNA needs statisti
ally fewer generations than FW-GA-oto obtain the per
entages shown. With these datasets, it seems that FW-EBNA, by using Bayesiannetworks, is able to 
apture the underlying stru
ture of the problem faster than FW-GA-o. Thissuperiority of EDA approa
hes using Bayesian networks relative to GAs is also noted in the Chapter6, when dealing with the FSS problem.When the wrapper approa
h is used to 
al
ulate the evaluation fun
tion value of ea
h foundweight set, fast dis
overy of similar or better a

ura
ies be
omes a 
riti
al task. As the NearestNeighbor algorithm needs several CPU se
onds to estimate the LOOCE of the proposed set ofweights, a faster dis
overy of these similar �tness solutions is highly desirable. By thus, avoidingthe simulation of several generations of solutions, a large amount of CPU time is saved.In order to understand the advantages of this fast dis
overy of similar �tness solutions, CPUtimes for the indu
tion of the probabilisti
 models must be studied: the EDA approa
hes have the
omputational overhead of the 
al
ulation of probabilisti
 models in ea
h generation. Table 7.4shows, for ea
h domain, the average CPU time to indu
e the Bayesian network stru
ture in ea
hgeneration and the average CPU time needed to estimate the predi
tive a

ura
y of a single featureweight set. Although FW-EGNA is not in
luded in this 
omparison between FW-GA-o and FW-EBNA, its average CPU time for the indu
tion of the Gaussian network stru
ture in ea
h generationis also shown in Table 7.4.From the results of Table 7.4, we 
an 
on
lude that sin
e the CPU times for the indu
tion ofBayesian networks in ea
h EDA generation are insigni�
ant, their CPU time saving relative to theGA approa
h shown in Table 7.3 is maintained.
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al ModelsTable 7.4. Average CPU times (in se
onds) for the indu
tion of di�erent probabilisti
 models (standarddeviations are nearly zero) in ea
h generation of the EDA sear
h. The last 
olumn shows the average CPUtime to estimate the predi
tive a

ura
y of a feature weight set.Domain FW-EGNA FW-EBNA 1-NN a

. estim.LED24 39:4 5:5 29:8Waveform-21 21:3 5:0 35:03-Weights 2:2 3:6 22:7C-Weights 1:5 3:4 21:4Glass 1:0 2:2 3:3CRX 5:2 4:2 34:9Vehi
le 10:3 4:4 60:4Contra
eptive 1:0 2:2 20:7
Let us now 
onsider the a

ura
y results obtained by FW-EGNA. In the s
heme used of 5repli
ations of 2-fold 
ross-validation (5x2
v), for most of the datasets, the feature weight sele
tedby FW-EGNA usually has the best a

ura
y estimation of the FW algorithms 
ompared over thetraining fold. However, when this weight set is tested on the novel instan
es that form the se
ond fold(instan
es that are unseen during the training pro
ess), a notable de
ay in the per
entage a

ura
yis noted, and its a

ura
y levels are similar or inferior to these of the other FW algorithms. Althoughthis over�tting risk also exists for the rest of the algorithms, the largest a

ura
y di�eren
es betweenthe training fold and the test fold of the 5x2
v s
heme appear in the FW-EGNA algorithm. It seemsthat allowing a 
ontinuous set of feature weights does not result in better a

ura
y levels.These �ndings agree with those of Kohavi et al. (1997a). The authors �nd that the extra powergiven by an in
reased set of weights does not further redu
e the bias of the error and usually in
reasesits varian
e, resulting in an over�tting problem: to avoid this, they re
ommend the use of a set of 2or 3 di�erent weights. As we note in the �rst se
tion of this Chapter, the Nearest Neighbor 
lassi�eris traditionally applied over datasets with few instan
es be
ause of its high 
omputational 
ost. Inthis way, when we design a wrapper algorithm that works with the Nearest Neighbor 
lassi�er, wemust bear in mind that this over�tting risk seems to be inherent to its exe
ution over this kind ofdatasets.As the feature weights of the C-Weights andWaveform-21 domains are 
ontinuous, it is interestingto study the di�ering behaviour of FW-EGNA in these two domains. In C-Weights, a non-noisydomain where the range of the feature weights is 
ontinuous, FW-EGNA has a slight advantage inits �nal a

ura
y relative to the other algorithms. On the other hand, in Waveform-21, a domainwith an important noise degree (Breiman et al., 1984), FW-EGNA's a

ura
y signi�
antly de
aysand the other 
ontinuous FW algorithm, IB4, has the most a

urate result. Although FW-EGNAhas the best estimation per
entages for the training folds (in the 5x2
v estimation s
heme) ofWaveform-21 and C-Weights, its a

ura
y for new instan
es in the test fold signi�
antly de
aysin the Waveform-21 domain. As C-Weights is not a noisy domain, the existen
e of a signi�
antnoise degree is the reason for the appearan
e of this over�tting problem in Waveform-21. We havealso seen this over�tted behaviour with the real datasets, domains where we 
an assume that noiseexists.
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ase, unless we have a spe
i�
ally designed and non-noisy domain su
h as C-Weights wherethe use of a 
ontinuous weight set gives a slight advantage, the naive assumption that using moreweights with a wrapper s
heme as in FW-EGNA will redu
e the 
lassi�
ation error seems false.7.6 Summary and future workThe appli
ation of the EDA approa
h to the FW problem for the Nearest Neighbor algorithm isstudied in this 
hapter. Two powerful probabilisti
 models, Bayesian and Gaussian networks, areapplied to fa
torize the probability distribution of weight set solutions: Bayesian networks are usedwith a set of 3 possible dis
rete weights and Gaussian networks are used with a 
ontinuous rangeof weights. Both new methods, FW-EBNA (Feature Weighting by Estimation of Bayesian NetworkAlgorithm) and FW-EGNA (Feature Weighting by Estimation of Gaussian Network Algorithm),use the wrapper s
heme for the evaluation of proposed weight set solutions, 
al
ulating the LOOCEvalue of ea
h proposed weight, and using it to guide the sear
h. A 
omparison is performed in a setof natural and arti�
ial domains with two sequential and one geneti
 inspired algorithm.With the appli
ation of the FW te
hniques, notable a

ura
y improvements are a
hieved in themajor part of datasets. While FW-EBNA shows the best average a


ura
y results for both naturaland arti�
ial domains, the impa
t of over�tting on noisy datasets notably redu
es the a

ura
y ofFW-EGNA. We therefore 
on�rm the �ndings of Kohavi et al. (1997a), who �nd that the extrapower given by an in
reased set of weights does not further redu
e the bias of the error and usuallyin
reases the varian
e and the over�tting risk. Thus, an advi
e for the use of a set of 2 or 3 di�erentweights seems to be appropiate for this 
ontext of work. Unless we have a spe
i�
ally designed andnon-noisy domain with 
ontinuous feature weights, the naive assumption that using more weightswith a wrapper s
heme will redu
e the 
lassi�
ation error seems to be false.As in the 
ase of FSS EDA approa
hes, it is noted that the geneti
 approa
h needs more gener-ations than FW-EBNA to dis
over similar �tness solutions. In order to save CPU time, when thewrapper approa
h is used to 
al
ulate the evaluation fun
tion value of ea
h found weight set, thefast a
hievement of similar or better a

ura
ies be
omes a 
riti
al task.As future work, we envision the development of evolutionary algorithms that ta
kle both the FWand the prototype sele
tion tasks within the EDA approa
h. Another interesting resear
h avenue isthe design of a di�erent stopping 
riteria, in an attempt to avoid the over�tting risk in FW-EGNA.





Chapter 8Con
lusions

In Se
tion 8.1, we brie
y summarize the 
ontributions of this work. In Se
tion 8.2 we 
on
ludewith some future lines of resear
h, also exposed in the previous 
hapters of this dissertation.8.1 Summary of 
ontributionsThis dissertation is fo
used in three topi
s that arise in Supervised Classi�
ation:the representation of the joint behaviour of a set of supervised 
lassi�ers;the Feature Subset Sele
tion task;the Feature Weighting for Nearest Neighbor algorithm.By the use of probabilisti
 graphi
al models and the EDA evolutionary sear
h paradigm, we havepresented a set of 
ontributions whi
h try to solve these issues. This dissertation has 
ontributionsof other types: study of related topi
s and extensive reviews of the related literature.These 
ontributions 
an be summarized as follows:review of the Supervised Classi�
ation paradigm;detailed review of two Probabilisti
 Graphi
al Models: Bayesian and Gaussian networks. Spe
ialattention is paid to the s
ore+sear
h approa
h for the indu
tion of these graphi
al models. Theexisting literature about Bayesian and Gaussian networks is reviewed;detailed presentation of the EDA approa
h. Existing approa
hes for dis
rete and 
ontinuousdomains are reviewed and details about the related literature are supplied. Spe
ial attention ispaid to the reasons that motivate the apparition of the EDA paradigm. Its 
lose relations withthe GA paradigm are studied;appli
ation of Bayesian networks to study the relationships among the predi
tive models indu
edby a set of supervised 
lassi�ers. In order to re
e
t the relationships among single 
lassi�ersor prede�ned families of 
lassi�ers, development of the following three properties, based on the
onditional independen
e property:{ the hard 
onditional independen
e property of a single 
lassi�er;95
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es in Supervised Classi�
ation based on Probabilisti
 Graphi
al Models{ the 
onditional independen
e in a prede�ned family of 
lassi�ers;{ the 
onditional independen
e between a pair of prede�ned families of 
lassi�ers. Basedon these properties, analysis of the relationships shown by a group of fourteen supervised
lassi�ers in a set of eleven medi
al datasets;detailed review of the FSS approa
h: its basi
 
omponents are extensivelly studied and a largelist of literature referen
es in the �eld is supplied;study of the `over�tting' phenomenom in FSS. Its large impa
t on datasets with few instan
esis noted;development of a novel EDA inspired algorithm, whi
h makes use of the EBNA sear
h pro
edure,for FSS in small and medium dimensionality domains: FSS-EBNA. In a 
omparison with twosequential and two geneti
 inspired algorithms on real and arti�
ial datasets, FSS-EBNA showsthe best average a

ura
y results and performs a 
ompetitive dimensionality redu
tion. GAapproa
hes need more generations than FSS-EBNA to dis
over similar �tness solutions. In the
ase of GA with one-point 
rossover, this di�eren
e is enlarged when the intera
ting variablesare not 
oded together in the individual's representation;development of four novel EDA inspired algorithms for FSS in large dimensionality domains:FSS-PBIL, FSS-BSC, FSS-MIMIC and FSS-TREE. These algorithms make use of PBIL, BSC,MIMIC and TREE sear
h pro
edures, respe
tively. In a 
omparison with two geneti
 inspiredapproa
hes, four algorithms obtain 
ompetitive a

ura
y results and dimensionality redu
tions.In real datasets, FSS-BSC, FSS-TREE and FSS-MIMIC arrive faster to similar �tness areasthan the other algorithms. The following 
on
lusions are extra
ted for arti�
ial datasets:{ for a dataset where no intera
tions appear among the domain features, geneti
 approa
hesobtain faster similar �tness solutions than four EDA approa
hes;{ for datasets where intera
tions or order two and order three exist among domain features,FSS-MIMIC and FSS-TREE outperform the rest of the approa
hes with respe
t to thenumber of generations needed to obtain similar �tness solutions;{ GA with one-point 
rossover needs more generations to arrive to a spe
i�
 �tness value whenthe intera
ting variables are not 
oded together in the individual's representation.a study about the time requirements needed by PBIL, BSC, MIMIC and TREE algorithms tofa
torize the probability distribution of best individuals in large dimensionality domains withinthe FSS problem;development of two novel algorithms, FW-EBNA and FW-EGNA, to solve the FW problem forthe Nearest Neighbor 
lassi�er. FW-EBNA and FW-EGNA use the EDA inspired EBNA andEGNA pro
edures, respe
tively. In a 
omparison with two sequential and one geneti
 approa
hon real and arti�
ial datasets, FW-EBNA shows the best average a

ura
y results;the over�tted behaviour of FW-EGNA, whi
h 
onsiders a 
ontinuous spa
e of weights in the[0; 1℄ range. In this way, the 
on�rmation of previous literature �ndings that, unless we have anon-noisy domain with many di�erent weights, the assumption that 
onsidering more weightswith a wrapper s
heme will improve the 
lassi�
ation a

ura
y is false;an extensive review of previous works in the FW task;the GA approa
h needs more generations than FW-EBNA to dis
over similar �tness solutions;



Con
lusions 978.2 Future workThis se
tion groups the future lines of resear
h that have been exposed in the previous 
haptersof this dissertation:in a 
ontinuation about the joint behaviour of supervised 
lassi�ers, the use of unsupervisedhierar
hi
al 
lassi�
ation to determine 
lusters or families of algorithms;the study of the 
onne
tion between our 
on
lusions about the joint behaviour of supervised
lassi�ers and the a

ura
y improvement usually obtained by the 
ombination of 
lassi�ers;the appli
ation of the developed probabilisti
 relationships in the joint behaviour approa
h tothe geneti
 network paradigm of the Bioinformati
s dis
ipline;in order to redu
e the CPU times in large dimensionality FSS problems within the EDA approa
h,the development of other simple probabilisti
 models and parallel algorithms to indu
e Bayesiannetworks;the appli
ation of EDA inspired FSS pro
esses in DNA mi
roarray datasets;the use of other probabilisti
 models for the FW EDA approa
h;the development of other stopping 
riterions that redu
e the over�tting risk of the FW-EGNAapproa
h.
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