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Analis berezlea
Discriminant analysis

Y kualitatiboa: Funtzio bereizleak
m modalitate (modalitateek funtzio bana):

Y00 (X Xy X))
Y, 9, ( Xy, Xy X )

Y, G (X Xy X))

Objektu bat Y, koa dela erabakitzen da, baldin bada:
O (Xy(@), X3 (@), ..., X (@) = max 'y g; (X (@), Xy (@), .., X, ()
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Linear Discriminant Analysis (LDA)

Objektu bat Y, koa dela erabakitzen da, baldin bada:
0 (X (@), X;(@),.... X, (o) = max', g; (X (@), X, (@),.... X, (@)
(gogoratu k-auzokide gertuenen teknika, K-NN)

Ondorioz, errepresentazi o-espazioa zatikatu egiten da
HI_‘:'




Analisl bereizlelineala
Linear Discriminant Analysis (LDA)

l Freprovcessing

-

i Pssinne exifacisan

l s

| Classification

a

"ralmim *sen hass’

FIGLIRE 1.1. The chjects 1o be classified are first sensad by a transducer (cameral,
whose signals are preprocsssed, ket the feaures are exeracted ard finally the olas-
sification is amireed, here either “salman™ or "sea bass.” Although the information flowe
is often chosen o be from the source 1o the classifier, some syskems employ information
e in which sarlier levels of processing can be altered bassd on the enaive or pre
liminary response in laer levels (gray arrowsl, Yet others combine o of mons siaees
itz a unified step, such s simultaneous segmentation and feature extraction. From:

Richard 0. Duda, Petar E. Harg and David G, Seork, freemn Classficadon, Copyrigh
a0 2001 by [ohn Wiley & Sare, Inc.
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FIGURE 1.2. Histograms for the length feature for the two categories. No single thresh-
old value of the length will serve to unambiguously discriminate between the two cat-
egories; using length alone, we will have some errors. The value marked * will lead to
the smallest number of errors, on average. From: Richard O. Duda, Peter E. Hart, and
David G. Stork, Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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FIGURE 1.2. Histograms for the length feature for the two categories. No single thresh-
old value of the length will serve to unambiguously discriminate between the two cat-
egories; using length alone, we will have some errors. The value marked /* will lead to
the smallest number of errors, on average. From: Richard O. Duda, Peter E. Hart, and
David G. Stork, Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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FIGURE 1.3. Histograms for the lightness feature for the two categories. No single
threshold value x* (decision boundary) will serve to unambiguously discriminate be-
tween the two categories; using lightness alone, we will have some errors. The value x*
marked will lead to the smallest number of errors, on average. From: Richard O. Duda,
Peter E. Hart, and David G. Stork, Pattern Classification. Copyright © 2001 by John
Wiley & Sons, Inc.
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FIGURE 1.4. The two features of lightness and width for sea bass and salmon. The dark
line could serve as a decision boundary of our classifier. Overall classification error on
the data shown is lower than if we use only one feature as in Fig. 1.3, but there will
still be some errors. From: Richard O. Duda, Peter E. Hart, and David G. Stork, Pattern
Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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FIGURE 1.5. Overly complex models for the fish will lead to decision boundaries that
are complicated. While such a decision may lead to perfect classification of our training
samples, it would lead to poor performance on future patterns. The novel test point
marked ¢ is evidently most likely a salmon, whereas the complex decision boundary
shown leads it to be classified as a sea bass. From: Richard O. Duda, Peter E. Hart, and
David G. Stork, Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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FIGURE 1.6. The decision boundary shown might represent the optimal tradeoff be-
tween performance on the training set and simplicity of classifier, thereby giving the
highest accuracy on new patterns. From: Richard O. Duda, Peter E. Hart, and David G.
Stork, Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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g,,9,...,0,, funtziobereideak eraiki behar dira

m=2| (Y aldagaiabitarrada)
X; aldagaiak kuantitatiboak dira

Erabakitze-araua
Baldin bada g, (X, X,,.... X ;) > 0,(X;, X,,..., X,),
orduan 'y, ; bestela 'y,

g=0,~0,
Baldin badag(X,, X,,..., X)) >0 orduan 'y, ; bestela ¥,
Muga bereizlea: g(Xy, Xy, X)) =0
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J,,9,...,0,, funtziobereideak eraiki behar dira

m=2| (Y aldagaiabitarrada)

X; aldagaiak kuantitatiboak dira

g linealada:
g, (Xy, X5, -es, Xp) =a,ta X ta, X, +..+ alpxp
gZ(Xl’XZ""’Xp) :a20+a21X1+a22X2 +"'+a2pxp

g=0,-9, lineda

g linealaizan daiteke g, etag, linealak 1zan gabe
(X, Xy X)) =0 ta X, +a, X, +..+a X
a(X;, X,,..., X)) =0 hiperplano bat da.
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0 funtzio bereizlea eraiki behar da; hau da:
&y,8,,8,,...,a, koefizienteak

a, +a X, +a,X, +...+a X =0 hiperplanoko bi puntu &/* eta a/*;
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0 funtzio bereizlea eraiki behar da; hau da:
&y,8,,8,,...,a, koefizienteak

a, +a X, +a,X, +..+a X =0 hiperplanoko bi puntu «/* eta oJ*:
g, tax  +ax" +..taxs =a, +ax’ +a,x’ +..+a X’
a, (X" =x?) +a,(x = x?) +...+a (x§ - x?) =0

(x" = x*) bektorea hiperplanokoa da eta el karzuta da arekiko.
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0 funtzio bereizlea eraiki behar da; hau da:
&y,8,,8,,...,a, koefizienteak

a, +a X, +a,X, +..+a X =0 hiperplanoko bi puntu /' eta oJ*:
g, taxt +ax" +. . taxs =a, +ax’ +a,x’ +..+a x;

8, (X" = x%) +a,(G —x") +..+a,(X; —x) =0

(x®* = x*) bektorea hiperplanokoa da eta el karzuta da arekiko.
X puntu baten distantziaH hiperplanoarekiko:

_@ptax tax +.+aX,

\/af+a22+...+af,

d(x ,H)=r
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0 funtzio bereizlea eraiki behar da; hau da:
&y, ,d,,...,a, KOefizienteak

; Hiperplanoak bitan zatitzen du espazioa:
_____Jc- . 1 ;’\ X Rl eta. eta. R2

A

R,:
g(xl,xz,...,xp)>0
Q tax tax +..+a x, >0
B R,:
- g(x,%,...,X,) <0

=< ) Q tax tax +..+ax <0



Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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¥ 3
I

v Batezbest. Desb.tip.
1 X 2,9474722 | 2,182214
2 X 7,9758592 | 2,095145
Total X 5,4616657 | 3,314947
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ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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X X%
I

v Batezbest. Desb.tip.
1 X 2,9474722 | 2,182214
2 X 7,9758592 | 2,095145
Total X 5,4616657 | 3,314947

Funtzio beral zleak:
gl(x) = X~ E
QZ(X) = X~ X2

9(X) = G,(X) = G,(X) =X, =%



Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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]
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X © X X
I

v Batezbest. Desb.tip.
1 X 2,9474722 | 2,182214
2 X 7,9758592 | 2,095145
Total X 5,4616657 | 3,314947

Funtzio beral zleak:
gl(x) - X~ K
QZ(X) = X~ X2

Erabakitze-araua:

g(X) >0 denez, edozein objektu 2kotzat hartu
1111

9(X) = G,(X) = G,(X) =X, =%
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Adibidea: 1 oxx x x m X
== 188 E @ 3 K L ]

ident }: Yy nl gl_ ; _ﬁ' ' 1E| 12

wi 70396 | 1 X X Yz

w2 | 512851 1 i i

«a | 1g7m 1 Funtzio berel zleak:

wd | 1545994 1

wEs | 427062 1 — v —Y

wh | BB777| 1 gl(x) ‘X Xl‘

w? | 165631 1 .

wl | 236962 1 (X) — ‘X— ‘

W 36960 | 1 gz Xz

wiD | 516843 1

wll | 553667 | 2

w12 | 541226 2

wl3 | B31614]| 2

wld | 559600 2

w15 | 973109 2

wlb | 904056/ 2

w17 | 110675 2

wlB | 745862 2

w13 | 847496 2

w20 | 991385 2




Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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1] 2)—(1 4 Yﬁ ?2 10 12
Funtzio beral zleak:
91()() - ‘X_)—(l‘
QZ(X) - ‘X_iz‘
9(x¥) =% —X <0 X<X
—_— —_— \ —_— —_—
Q(X)=2(x—xl+x2 <0 x< 2t %
2 ) 2
—_— —_— \ —_— —_—
Q(X)=2(x—xl+x2 >0 x< 2t
2 ) 2
g(x) =%, =X >0 X>X,



Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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Funtzio bereizleak:
gl(x):‘x_)—(l‘
gz(x):‘x_iz‘

9(X) =%, =X, <0

g(x):Z(x—)_(lJrYZ\ <0

2
g(x):Z(x—)_(lJrYZ\ >0

2
9(x) =%, - X >0
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Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
i BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wld | 541226 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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S N

Funtzio berel zleak:
gl(x) :‘X_)—(l‘
QZ(X) :‘X_iz‘

9(X) =%, =X
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2
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Adibidea: : oxx x x m X
== 11‘. E & 3 K L ]

ident }: Yy nl gl_ ; _ﬁ' ' 1E| 12

wi 70396 | 1 X X ?2

w2 | 5128511

«a | 1g7m 1 Funtzio berel zleak:

wd | 154994 1

ws | 427062 1

wh | BEIFIT| 1 gl(x) ( )

w? | 155831 1

wh | 236962 1

w3 36965 | 1 gZ(X) ( )

wiD | 516843 1

wll | 553867 2

wi2 | 541226 2

wi3 | 6,31614] 2

wld | 559690 2

wl5 | 973109 2

wiG | 954856 2

w17 | 11,0675 2

wlg | 7 45862 2

wl9 | B 47495 2

w20 | 951335] 2




Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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z OB M o o 4 o
== i-88 EKE @ 3 K [ ]
0 7 — g —F {[i] 12
X © X X

Funtzio bereizleak:

0,(x) =(x=%)°

9,(¥) = (x-%,)’
g(x>:2(72—¥1)(x—¥1+7ﬂ

2

<0 w< Xt %
2

>0 w> %

N



Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
i BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wld | 541226 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2

Analisl bereizlelineala
Linear Discriminant Analysis (LDA)

Funtzio bereizleak:

0,(x) =(x=%)°

9,(¥) = (x-%,)’
g(x>:2(72—¥1)(x—¥1+7ﬂ

2

<0 w< Xt %
2

>0 X>X1';X2
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Zer dela eta? Sallen sakabanatzea: bariantzakkontutan hartu




Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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Jowe oo™

1] EI)—(1 4 YI; i) 10

Y Media Desv. tip.
1 X 2,9474722 | 2,182214
2 X 7,9758592 | 2,095145
Total X 5,4616657 | 3,314947

Funtzio berelzleak:
2

X=X

g,(x) =

12



Adibidea:

ident X ¥
w1 AO396 | 1
w2 512851 1
Wl 157788 1
el 154994 | 1
W 4 27062 | 1
wi BEF7TT
Wi 1,65831 | 1
wid 236962 | 1
wdl 6965 | 1
wll | 516843 1
wll H 83667 | 2
wl2 | 541226| 2
wl3 | 631614 2
wld | 569630 2
wls | 973109 2
wlb | 984856 2
wld | 110675 2
wld | 7 45862 2
wld | 847496 2
w2l | 991385 2
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z

[ ]
] EI— =!+ —I; 10 12
X © X X

Y Media Desv. tip.
1 X 2,9474722 | 2,182214
2 X 7,9758592 | 2,095145
Total X 5,4616657 | 3,314947

Funtzio berelzleak:
2

2
X=X X%

0, (X) = 9,(X) =

(S, ~8)X" +2X(%, ~X) + (8% ~SX)
S

g(x) =
Ez dalineaa
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0 funtzio bereizlea eraiki behar da; hau da:
&y, ,d,,...,a, KOefizienteak

Funtzioak nolanahi definiti baino, optimizazio-problema batez
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&y, ,d,,...,a, KOefizienteak
Funtzioak nolanahi definiti baino, optimizazio-problema batez

Yren modalitate batekoel +1 egokitu
(hiperplanoaren alde batean), eta besteari -1
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0 funtzio bereizlea eraiki behar da; hau da:
&y, ,d,,...,a, KOefizienteak

Funtzioak nolanahi definiti baino, optimizazio-problema batez

Yren modalitate batekoel +1 egokitu
(hiperplanoaren alde batean), eta besteari -1

Erregresio linealaren problema bera azal du
Y = gra X ta, X +..axX+.. g X+ E
Y(e) =ag+a X (@)+aX(@)+..aX(w)+...+aX (@) + E(w)
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Adibidea: z

2)—(1 4 Yﬁ ?2

Y =b+a- X+ E
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Adibidea: _ 1 T
Y =b+a- X+ E % X%

X <- ¢(0.70693, 5.12851, 1.57788, 1.54994, 4.27062, 6.67777, 1.65831,
2.36962, 0.36968, 5.16843, 5.83867, 5.41226, 6.31614, 5.69690,
9. 73109, 9.84856,11.06750, 7.45862, 8.47496, 9.91385)
y <- c(rep(1,10),rep(-1,10))
mean( x[ 1: 10])
[1] 2.947769
> mean(x[ 1:10]); nean(x[11:20]); nean(Xx)
[1] 2.947769
[1] 7.975855
[1] 5.461812
> var (x)*19/ 20
[ 1] 10.43800
> | m(y~x) $coefficients
(I ntercept) X
1. 3155045 -0.2408550
> round(l my~x)$fitted. val ues, digits=2)
1.15 0.08 0.94 0.94 0.29 -0.29 0.92 0.74 1.23 0.07
-0.09 0.01 -0.21 -0.06 -1.03 -1.06 -1.35 -0.48 -0.73 -1.07

vV V + + V
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Adibidea: _ 1 T
Y =b+a- X+ E % X%

> x <- ¢(0.70693, 5.12851, 1.57788, 1.54994, 4.27062, 6.67777, 1.65831,
+ 2.36962, 0.36968, 5.16843, 5.83867, 5.41226, 6.31614, 5.69690,
+ 9. 73109, 9.84856,11.06750, 7.45862, 8.47496, 9.91385)
>y <- c(rep(1,10),rep(-1,10))
> mean(x[ 1: 10])
[1] 2.947769
> mean(x[ 1:10]); nean(x[11:20]); nean(Xx)
[1] 2.947769
[1] 7975855 g(x)=1.3155-0.2409-x
[1] 5.461812
> var (x)*19/ 20
[ 1] 10.43800
> | m(y~x) $coefficients
(I ntercept) X
1. 3155045 -0.2408550
> round(l my~x)$fitted. val ues, digits=2)
1.15 0.08 0.94 0.94 0.29 -0.29 0.92 0.74 1.23 0.07
-0.09 0.01 -0.21 -0.06 -1.03 -1.06 -1.35 -0.48 -0.73 -1.07
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Adibidea i T -T‘ = %

b
1

] EI— 4 — T 10 12
X © X X

Y =b+a-X+ E
> X <- ¢(0.70693, 5.12851, 1.57788, 1.54994, 4.27062, 6.67777, 1.65831,
+ 2.36962, 0.36968, 5.16843, 5.83867, 5.41226, 6.31614, 5.69690,
+ 9.73109, 9.84856, 11. 06750, 7.45862, 8.47496, 9.91385)
>y <- c(rep(1,10),rep(-1,10))
> mean(x[ 1: 10])
[1] 2.947769
> mean(x[ 1:10]); nean(x[11:20]); nean(Xx)
[1] 2.947769

[1] 7.975855 0(x)=1.3155-0.2409-x

[ 1] 5.461812

> var (x) *19/ 20 M uga

[ 1] 10. 43800

> | m{y~x) $coef ficients g(X):O

(I ntercept) X _

1.3155045 -0.2408550 X0—5461812

> round(l my~x)$fitted. val ues, digits=2)

1.15 0.08 0.94 0.94 0.29 -0.29 0.92 0.74 1.23 0.07
-0.09 0.01 -0.21 -0.06 -1.03 -1.06 -1.35 -0.48 -0.73 -1.07
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Y =b+a-X+ E
> X <- ¢(0.70693, 5.12851, 1.57788, 1.54994, 4.27062, 6.67777, 1.65831,
+ 2.36962, 0.36968, 5.16843, 5.83867, 5.41226, 6.31614, 5.69690,
+ 9.73109, 9.84856, 11. 06750, 7.45862, 8.47496, 9.91385)
>y <- c(rep(1,10),rep(-1,10))
> mean(x[ 1: 10])
[1] 2.947769
> mean(x[ 1:10]); nean(x[11:20]); nean(Xx)
[1] 2.947769

[1] 7.975855 0(x)=1.3155-0.2409-x

[ 1] 5.461812

> var (x) *19/ 20 M uga

[ 1] 10. 43800

> | m{y~x) $coef ficients g(X):O

(I ntercept) X _

1.3155045 -0.2408550 X0—5461812

> round(l my~x)$fitted. val ues, digits=2)

1.15 0.08 0.94 0.94 0.29 -0.29 0.92 0.74 1.23 0.07
-0.09 0.01 -0.21 -0.06 -1.03 -1.06 -1.35 -0.48 -0.73 -1.07 Orokorrean?
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FIGURE 1.4. The two features of lightness and width for sea bass and salmon. The dark
line could serve as a decision boundary of our classifier. Overall classification error on
the data shown is lower than if we use only one feature as in Fig. 1.3, but there will
still be some errors. From: Richard O. Duda, Peter E. Hart, and David G. Stork, Pattern
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