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0.1 INTRODUCTION

In the last few years, the improvements in computer hardware and software
have allowed the simulation of molecules and materials with an increasing
number of atoms. However, the most accurate electronic structure methods
based on N-particle wave functions, e.g., the configuration interaction (CI)
method or the coupled cluster (CC) method, are computationally too ex-
pensive to be applied to large systems. It is clearer every day the need for
treatments of electron correlation that scale favorably with the number of
electrons.

As discussed in previous chapters of this book, since the interactions be-
tween electrons are pairwise within the Hamiltonian, the energy may be de-
termined exactly from a knowledge of the two-particle reduced density matrix
(2-RDM) 2D. The 2-RDM carries all the relevant information if one is in-
terested in expectation values of one- and two-particle operators. In this
manner, the N-particle dependence can be avoided given that the 2-RDM is
a much more economic storage of information. There remains, however, the
long-standing problem that not every 2-RDM is derivable from an N-particle
wave function (the N-representability problem) [1]. As we have seen in last
chapters, realistic variational 2-RDM calculations have recently become pos-
sible through the use of both the contracted Schrodinger equation and the
optimization techniques known as semidefinite programming. Nevertheless,
even the best first-order algorithms of semidefinite programming scale as %,
where 7 is the rank of the one-electron basis set.

In 1964, Hohenberg and Kohn (HK) [2] demonstrated that the ground
state energy could be expressed as a functional of the one-electron density
p only. This result led to density functional theory (DFT) [3] which has
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become very popular thanks to its relatively low computational cost. Practical
implementations of DFT are mainly based on the formulation of Kohn-Sham
(KS) [4], in which the kinetic energy is not constructed as a functional of p but
rather from an auxiliary Slater determinant. Since the non-interacting kinetic
energy differs from the many-body kinetic energy, there is a contribution
from a part of the kinetic energy contained in the correlation potential. This
correlation kinetic energy is the main source of problems of present-day KS
functionals.

It seems that there is not N-representability problem since the conditions
that ensure that a one-particle density comes from an N-particle wave function
are well-known [5]. Here, the obstacle is the construction of the functional
E [p] capable of describing a quantum-mechanical N-electron system. This
functional N-representability is still related to the N-representability problem
of the 2-RDM. Many currently available functionals are not N-representable
[6]. Consequently, the energies produced by these functionals can lie below
the exact value. Even though these energy values may lie quite close to the
exact ones they do not guarantee, however, that the calculations are accurate.

Another drawback of the most popular correlation functionals is that they
exhibit an incorrect behavior for N-electron atoms as the nuclear charge 7 in-
creases [7]. Recently, the accuracy of DFT has been improved by using approx-
imations constructed to satisfy exact constraints on the exchange-correlation
energy functional [8]. Despite the great success achieved for high-Z atomic
ions with density functionals of this new generation, they can not as yet ade-
quately describe highly degenerate systems [9]. This corroborates the fact that
KS functionals are better suited for describing dynamic correlation due to the
short-range interelectronic repulsion than static correlation due to near degen-
eracy effects. The inability of approximate density functionals to account for
the dispersion interactions constitutes a serious drawback. The density func-
tional for the correlation kinetic energy remains unknown and how important
is it for the dynamics of chemical reactions is an open question [9].

A direction for improving DFT lies in the development of a functional the-
ory based upon the one-particle reduced density matrix (1-RDM) 'D rather
than on the one-electron density p. Like 2-RDM, the 1-RDM is a much simpler
object than the N-particle wave function, but the ensemble N-representability
conditions that have to be imposed on variations of 'D are well-known [1].
The existence [10] and properties [11] of the total energy functional of the
1-RDM are well-established. Its development may be greatly aided by impo-
sition of multiple constraints that are more strict and abundant than their
DFT counterparts [12, 13].

The major advantage of a 1-RDM formulation is that the kinetic energy is
explicitly defined and does not require the construction of a functional. The
unknown functional in a 'D-based theory only needs to incorporate electron
correlation. It does not rely on the concept of a fictitious non-interacting
system. Consequently, 'D-scheme is not expected to suffer from the above
mentioned limitations of KS methods. In fact, the correlation energy in 1-
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RDM theory scales homogeneously in contrast to the scaling properties of the
correlation term in DFT [14]. Moreover, the 1-RDM completely determines
the natural orbitals (NOs) and their occupation numbers (ONs). Accordingly,
the 'D-functional incorporates fractional ONs in a natural way, which should
provide a correct description of both dynamical and nondynamical correlation.

0.2 GROUNDWORK TOWARDS A 'D-FUNCTIONAL
THEORY

The idea of a 1-RDM functional appeared some decades ago. At the com-
mencement, the main effort was focused on the existence of this functional.
In 1974, Gilbert proved the analogon of the Hohenberg-Kohn theorem for the
1-RDMs including nonlocal external potentials [15]. Berrondo and Goscinski
[16] added a nonlocal external potential to the Hamiltonian and obtained a
variational principle involving the 1-RDM for a local external potential by
eliminating the nonlocal external source. Donnelly and Parr [17] proved that
the existence was already implied in the original HK theorem. They dis-
cussed extensively the properties of this energy functional and derived the
Euler equations associated with the exact ground state [17, 18].

In 1979, an elegant proof of the existence was provided by Levy [10].
He demonstrated that the universal variational functional for the electron-
electron repulsion energy of an N-representable trial 1I-RDM can be obtained
by searching all antisymmetric wave functions which yield a fixed 'D. It
was shown that the functional does not require that a trial function for a
variational calculation be associated with a ground state of some external po-
tential. Thus, the v-representability is not required, only N-representability.
As a result, the 1-RDM functional theories of preceding works were unified.
A year later, Valone [19] extended the Levy’s pure-state constrained-search
to include all ensemble representable 1-RDMs. He demonstrated that no new
constraints are needed in the occupation-number variation of the energy func-
tional. Diverse constrained-search density functionals by Lieb [20, 21] also
afforded insight into this issue. He proved independently that the constrained
minimizations exist.

It is well-known that the exact electronic energy can also be given explicitly
in terms of the spinless 1-RDM and the two-particle charge density (2-CD).
This suggests an alternative viewpoint regarding 'D-functional theory. One
could employ the exact functional but with an approximate 2-CD that is built
from 'D using a reconstruction functional 2D[lD]. Perhaps, the first explicit
approximate relation between 2D and 'D containing one free parameter was
that proposed by Miiller in 1984 [22]. The case where the parameter was set
to 1/2 was discussed years later by Buijse [23] who performed self-consistent
calculations for the Hy molecule.

Zumbach and Maschke [24] discussed the 'D-functional using ensemble
search. They derived the set of self-consistent equations which include the
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eigenvalues of the 1-RDM, and clarified the Gilbert ‘s relation between these
eigenvalues and the chemical potential. Ludena et. al. [25] considered al-
ternatively a variational procedure with built-in pure state N-representability
conditions. The N-representability of the 1-RDM was accomplished by taking
into account the conditions for the mapping of the nth-order density operator
into a given 'D. They arrived at the Valone’s result: the problem of obtain-
ing a pure-state N-representable 1-RDM requires only the known ensemble
constraints, if the proper functional is known.

Levy identified the unknown part of the exact universal 'D-functional as
the correlation energy E.['D] and investigated a number of properties of
E.['D], including scaling, bounds, convexity, and asymptotic behavior [11].
He suggested approximate explicit forms for E.['D] for computational pur-
poses as well. Redondo presented a density-matrix formulation of several ab
initio methods [26]. His generalization of the HK theorem followed closely
Levy’s demonstration of a 1-RDM functional. Lépez-Sandoval and Pastor
[27] investigated the Levy s functional E.['D] on lattice models.

Valdemoro [28] achieved a close approximation to the 2-RDM by using
the anticommutating relation of fermion operators, or what is equivalent, the
N-representability conditions. This work indicated that the development of
1-RDM functional theories should be couched in terms of explicitly antisym-
metric reconstructions of the 2-RDM.

More recently, a renewed interest has appeared in the literature. An ap-
proximate exchange-correlation functional based on the diagonal elements of

'D and (ID)2 was proposed by Carlsson [29]. This functional was derived
within tight-binding theory and used successfully in simple model calculations
of several physical properties. Klein and Dreizler [30] developed a correlated
1-RDM theory with close connections to DF'T perturbation theory. They de-
rived formulas for first-order corrections to the Hartree-Fock (HF) 1-RDM and
wrote down a formally exact expression for the correlation energy by using the
linked-cluster expansion. Cioslowski and Lopez-Boada obtained by applica-
tion of the hypervirial theorem an approximate functional of the HF 1-RDM
in terms of three-electron integrals and an unknown screening function [31].
Their formalism incorporated dispersion effects and yielded two distinct as-
ymptotics of the correlation energy of atoms and monoatomic ions at the limit
of a large nuclear charge. Nooijen explored the possibility of using Green’s
functions and the extended Koopman’s theorem (EKT) [32, 33] to arrive at a
1-RDM formulation [34].

The 1-RDM functional is called Natural Orbital Functional (NOF) when it
is based upon the spectral expansion of 'D. The first parameter-free NOF con-
structed and tested on real physical systems is probably the one of Goedecker
and Umrigar (GU) [35]. The basic form of this functional can be traced to
Miiller [22] but self-interaction corrected. The GU functional considering di-
agonal terms coincides with the Buijse and Baerends (BB) reconstruction [23],
[36]. Optimizing typically 50 NOs and ONs for a variety of atoms and ions
it was found that the GU functional yielded energies and densities that were
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comparable or better than those from the generalized-gradient approxima-
tion (GGA) in the DFT. The GU functional does not suffer from dissociation
problems. It satisfies the Hermiticity and particle permutation conditions
but violates the non-negativity condition for the diagonal elements of the 2-
RDM. Moreover, the GU functional gives a wrong description of the ONs for
the lower occupied levels and overestimates correlation effects in jellium at
intermediate and high densities.

Following these first encouraging numerical results, several authors sug-
gested new approximations to the 1-RDM functional. Holas [37], and Cioslowski
and Pernal [38] proposed different generalizations of GU functional. These
functionals were analyzed in detail from the perspective of the homogeneous
electron gas (HEG) [39]. Csanyi and Arias (CA) [40] proposed another func-
tional from the condition that the two-matrix is a tensor product of one-
particle operators and that it satisfies the Hermiticity and particle-permutation
constraints. Unfortunately, the CA functional gives almost vanishing corre-
lation energies in contrast to the GU functional. Expressions for the second-
order energy variations in the 1-RDM theory were derived, resulting in a
formalism for time-independent response properties and stability conditions
[41]. The derivatives of the electronic energy with respect to the number of
electrons were found to be very sensitive to the used 'D-functional.

Another route to the construction of approximate 1-RDM functional in-
volves employment of expressions for E and 'D afforded by some size-consistent
formalism of electronic structure theory. Mazziotti [42] proposed a geminal
functional theory (GFT) where an antisymmetric two-particle function (gem-
inal) serves as the fundamental parameter. The one-matrix-geminal relation-
ship allowed him to define a 1 D-based theory from GFT [43]. He generalized
the Levy s constrained search to optimize the universal functionals with re-
spect to 2-RDMs rather than wave functions.

Csanyi and Arias [40] classified the above mentioned NOF's into two types:
corrected Hartree (CH) and corrected Hartree-Fock (CHF). The performance
of CH and CHF approximations in molecular calculations was investigated,
taking molecules Hy, Liz and LiH as examples [44]. A 'D-based functional
combining the properties of the CH and CHF approximations was also pro-
posed [45]. An improved CHF-type functional leading to better results for
the free-electron gas was suggested [46] too. The 2-CDs, intraculate and ex-
traculate densities, N-representability and variational stability obtained with
reconstruction functionals ?D[*D] that yield these 1 D-based theories was in-
vestigated in detail [47].

The CA functional is similar to the Hartree-Fock-Bogoliubov (HFB) en-
ergy expression but differs by the sign of the post-HF correction term [48].
Existence of an HFB-type 1-RDM for systems with repulsive interactions was
anticipated by other authors [49]. Different HFB-like functionals were pro-
posed before for describing electronic structure [50]-[54].

Yasuda [55] obtained a correlation energy functional E.['D] from the first-
and second-order density equations together with the decoupling approxima-
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tions for the 3- and 4-reduced density matrices. The Yasuda functional is
capable of properly describing a high-density HEG [56] and encouraging re-
sults were reported for atoms and molecules [55]. Some shortcomings of this
functional were also pointed out [57].

Piris and Otto (PO) achieved a reconstruction functional 2D[*D] satisfying
the most general properties of the 2-RDM [58]. They kept the spin structure
from Ref. [52, 53], but introduced a new spatially dependence in the correc-
tion term of the 2-RDM. Calculated values for polarizabilities [59], ionization
energies, equilibrium geometries, and vibrational frequencies [60] in molecules
were obtained. An extension of this functional to periodic polymers was also
considered [61]. In this line of constructing the 2-RDM from formal criteria,
Kollmar and Hess [62] obtained an implicit functional where the elements of
an idempotent matrix were used as variational parameters. The first appli-
cation of the 1-RDM functional theory to open-shell molecular systems was
presented using PO functional [60]. Recently, an open-shell formulation of the
GU functional considering spin-dependent ONs was applied to the first-row
atoms [63]. This approach conserves the z component, but not the total spin.
A study of the partitioning of the 1-RDM according to the theory of atoms
in molecules has been reported too [64].

An extension of the antisymmetrized product of strongly orthogonal gemi-
nals (APSG) theory provided a "JK-only" expression for the electron-electron
repulsion energy V. of a closed-shell system [65]. An implicit NOF involv-
ing pair-excitation coefficients instead of the ONs was proposed by Kollmar
and Hess [66]. They considered a size-consistent extension of a limited multi-
configuration self-consistent field wave-function taking into account only pair
excitations (PEMCSCF). In the case of four-electron systems, an approximate
expression for V.. was proposed [67] using a permanent-based parametriza-
tion of coefficients in a pair-excitation configuration interaction (CI) expan-
sion. Moreover, a particular parametrization of coeflicients in a CI expansion
leaded to an explicit functional in terms of the Coulomb and exchange in-
tegrals over NOs, and an idempotent matrix, whose diagonal elements equal
the ONs [68]. The thus obtained functional cannot, however, be employed in
practical calculations due to the necessity to carry out minimizations over a
large number of possible combinations of CI coefficient signs (phase dilemma).
The size and volume extensivity of such functionals has been also analyzed
by applying them to the HEG [69]. A JK-only 1-RDM functional starting
from the PEMCSCF method and using necessary N-representability condi-
tions for the 2-RDM has been recently derived [70]. This functional gives a
small fraction of the total correlation energy for the water molecule at the
equilibrium distance indicating that the accuracy of JK-only functional form
may be limited. Nevertheless, two new JK-only approximations which re-
cover a reasonable fraction of the total correlation energy at the equilibrium
geometries have been recently proposed.

Gritsenko et. al. [71] have introduced several physical motivated repul-
sive corrections to the BB functional (BBC). With these corrections, they
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improved the quality of the BB potential energy curves for prototype few-
electron molecules and with BBC3 the average error of correlation energies
for atomic systems at the equilibrium geometry was only 6%. The ionization
potentials produced by the GU and BBC functionals have been also investi-
gated [72] using the EKT.

Piris [73] has recently proposed an explicit form for the cumulant [74, 75]
of the 2-RDM in terms of two symmetric matrices, A and A. The suggested
form of these matrices (as functions of the ONs) produces a NOF that reduces
to the exact expression for the total energy in two-electron closed-shell sys-
tems [76, 77]. One can generalize it to the N-electron systems, except for the
off-diagonal elements of A. Alternatively, the mean value theorem and the
partial sum rule for matrix A provided a prescription for deriving a practical
NOF. An assessment of this practical functional in molecules for calculating
molecular properties, namely, polarizabilities [78], equilibrium bond distances,
harmonic vibrational frequencies and vertical and adiabatic ionization poten-
tials [79] has been performed. An extension of this functional to open-shell
systems has been also considered [80].

We continue this chapter with a presentation of the basic concepts and
notations relevant to 'D-functional theory (Section 3). We then review the
fundaments of the NOF theory (Section 4) and derive the corresponding Euler
equations (Section 5). The Gilbert [15] and Pernal [81] formulations, as well
as the relation of Euler equations with the EKT are considered here. The
following sections are devoted to present our NOF theory. The cumulant of
the 2-RDM is discussed in detail in Section 6. The spin-restricted formula-
tions for closed- and open-shells are analyzed in sections 7 and 8, respectively.
Section 9 is dedicated to our further simplification in order to achieve a prac-
tical functional. In section 10, we describe briefly how is implemented the
NOF theory for numerical calculations. We end with some results for selected
molecules (Section 11).

0.3 1- AND 2-REDUCED DENSITY MATRICES

The electronic energy E for N-electron systems is an exactly and explicitly
known functional of the 1- and 2-RDMs. The energy expression in spin-orbital
(SO) representation is given by

Z 'Dihf + > 2Dy (Kllig) (0.1)

ijkl

where h¥ are the one-electron matrix elements of the core-Hamiltonian,

b = [ o ()

Z = r1| (%) (0.2)
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and (kl|ij) are the two-electron integrals of the Coulomb interaction,

hlif) = [ dxadxadi (x0) 07 (x2) 05 (1) 05 (x2) (03
Atomic units are used. Here and in the following x = (r,s) stands for the

combined spatial and spin coordinates, r and s, respectively. The SOs {¢; (x)}
constitute a complete orthonormal set of single-particle functions,

(Dnlde) = / dxg, (x) 6 (x) = 6 (0.4)

with an obvious meaning of the Kronecker delta 6. Every normalizable func-
tion ¢ (x) of a single coordinate x may be expanded in the form

¢ (x) :Z@ (x)ci, ¢ = / dx ¢} (x) ¢ (x) (0.5)

We employ Lowdin’s normalization convention [82] in which the trace of
the 1-RDM equals the number of electrons

T'D=>) 'Di =N (0.6)

and the trace of the 2-RDM gives the number of electron pairs in the system

Tr°D =) D} = LN; D _ (g) (0.7)
ik

The 1- and 2-RDMs can be obtained in the coordinate-space representation
via the expansion theorem:

D (x|x1) = Y Do (%)) ér (x1) (0.8)
ik
2D (X}, xh|x1,%2) = > 2Dj¢7 (x1) &5 (xh) dn (x1) 1 (x2) (0.9)
ijkl

The diagonal elements of 'D and 2D are always nonnegative, since * D (x1|x1)
is related to the probability of finding one electron at x;, and 2D (x1, X2|x1, X2)
is related to the probability of finding one electron at x; and another at xs.
The diagonal elements * D¢ and 2D,’:k may be interpreted analogously: 1 D! is
related to the probability of finding one electron in the spin-orbital ¢ when
all the other electrons occupy arbitrary spin-orbitals, 2D is related to the
probability of finding one electron in the spin-orbital ¢ and another in the
spin-orbital k£, when all other particles may occupy arbitrary spin-orbitals.
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As discussed in preceding chapters of this book, the 2-RDM is Hermitian
2D (x), x5 %1, %) = D" (xixelxi,x) PO = (D) (010)

It is antisymmetric in each set of indices

2D (), xfx1, %) = = 2D (4, xbxa.x1) (2D =—2Djl)  (0.11)
2D (x), xhlx1,%e) = = 2D (hxixixe)  (2Df =—2Dfi)  (0.12)

and symmetric with respect to particle permutation
2D (x), i1, %0) = DGk pox) (D= 2Df)  (0.13)

There is an important contraction relation between 1- and 2-RDMs that is
in agreement with the previous normalization,

1D(X1|X1 /dX Xl,X‘Xl,X) ! k_ N —1 Z °D

(0.14)
This implies that the energy functional (0.1) is just of the 2-RDM, because
2D determines 'D. However, attempts to determine the energy by minimizing
E[*D] are complicated due to the lack of a simple set of necessary and sufficient
conditions for ensuring that the two-matrix corresponds to an N-particle wave
function (the N-representability problem) [1]. Nevertheless, some necessary
conditions have been derived (see Chapter 9). The so called D-condition
is equivalent to the requirement that the 2-RDM be positive semidefinite
(D > 0). This constraint prevents the probability distribution for finding two
particles in two SOs from being anywhere negative. The G- and Q-conditions
state that the electron-hole density matrix G and the two-hole density matrix
Q must be positive semidefinite too. The constraint G > 0 (Q > 0) enforces
likewise this nonnegativity for a particle and a hole (two holes).

0.3.1 Spin structure

The N-electron Hamiltonian H corresponding to the expectation value (0.1)
does not contain any spin coordinates hence both operators S and 52 com-
mute with H. Consequently, the eigenfunctions of the Hamiltonian are also
eigenfunctions of these two spin operators. In particular, according to Lowdin’s
expressions [82], we have

<§z> = /dxlé\z 'D (ris1]ris1) = Mg (0.15)
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4
(0.16)
where Mg and S are the spin quantum numbers describing the z component
and the total spin of an N-electron eigenstate. A state with total spin S has
multiplicity (25 + 1).

The SOs are direct products |¢;) = |p,) ® |0), so the set of SOs {¢; (x)}
may be split into two subsets: {¢% (r)a(s)} and {cpg (r)B(s)}. Given a
set of 2R spin-orbitals {¢;]i =1, ...,2R}, we have two sets of R orthonormal
spatial functions, {tpg (r)} and {(pg (r)}, such that in general the first set is
not orthogonal to the second one. Nevertheless, the original set

.. R (0.17)

continues being orthonormal via the orthogonality of the spin functions
/dsa* (s)B(s) = /dsﬁ* (s)a(s) =0 (0.18)

For §Z eigenstates, only density matrix blocks that conserve the number of
each spin type are nonvanishing. It is easily seen that two components of the
1-RDM, namely, 1Dg and 'D? must vanish. One obtains

"D (xi[xi) = "D (xhlr1) a” (sy) a(s1) + 'Df (rifry) 57 (s1) B (s1) (0.19)

From Eq. (0.15), considering the normalization condition for the 1-RDM
(0.6), it then follows that

(3.) = /drle (r1]r1) = Na%Nﬁ — Mg (0.20)

where N7 is the number of electrons with ¢ spin and @, (r1|r1) represents
the spin density [83],

Q- (ralra) = 3 ['D2 (rafer) DS () (0.21)

On the other hand, the 2-RDM has generally 16 spin blocks. As a result
of the requirement mg4(1) + ms(2) = m4(1') + ms(2') for S, eigenstates, only
6 spin components are non-zero. Expanding the 2-RDM by spin components,
we have

2D (X}, x5x1,%2) = (*D2%) a*a*aa + (2D3§) a*Braf + (QDgz) B*a*fa

+(*Dgf) " Ba+ (*DI) rara + (DY) 58788 (0.22)
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In fact only three of these components are independent, for example [see
Eq. (0.11)],

2D () whlra o) = = 2DE) (Whrhlrar) (200 = - 2Di)
(0.23)
We may take the independent components to be 2D%%, 2Dgg, 2Dgg. The

parallel-spin components must be antisymmetric, but Qng possess no special
symmetry. Each of these two-matrix blocks must contract to the appropriate
one-matrix block, namely

N7 —1
> eoigar = D e (0.24)
q
NB
Dy == Dl (0.25)

q
It is readily demonstrated that the sum rules (0.24) and (0.25) are com-

patible with the Eq. (0.14). The traces of these two-matrix components read

NeNB
2

N°(N° — 1)

Te 2Dy = =,

2 B8 _
Tr Dgﬁf

(0.26)

From Eqgs. (0.16) and (0.22), taking into account the orthonormality con-
ditions (0.4) for each spin type, one obtains

~ N (N —4)
2\ _ 2 , 2 nypB,aB 2 a8
() =~ + X (*Dpaga + *D33) —2 X DSt
pq pqrt
(0.27)
where Sf;, = <<pg\<pt"/> is the overlap matrix.

In this chapter, we consider later spin-polarized systems. One avenue of
approach is to apply the spin unrestricted formalism where SOs have different
spatial orbitals for different spins. However, this procedure can introduce
important spin contamination effects through the last term of Eq. (0.27)
since the overlap matrix Sfg" # ¢ These effects can be avoided by the use of
spin restricted theory. In this case only a single set of orbitals is used for «
and [ spins

62 (1) = 62 (1) = i (1) (0.28)

The orthonormality requirement (S} = d7) leads to the expectation value
of the total spin

~ N (N —4) ,
2\ _ 2 pa,qa 2 HpB,9B8 _ o 2 nypa,qfB
<S > - 4 + Z ( Diclia + Diglas — 2 an,pﬁ) (0.29)
Pq
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By combining Eq. (0.1) with Egs. (0.19) and (0.22), one arrives at the
energy expression

E=>"n( D+ 'D8)
pr

+ > (rtlpg) ( 2D + 2DPeal 4 2DIerT 4 2Df§;§§) (0.30)
pqrt

We must note that the two non-zero blocks 2ngf£ and 2Df£:gg do not
contribute to Eq. (0.30) since the corresponding two-electron matrix elements
of the Coulomb interaction vanish. It is convenient now to introduce spinless
density matrices [83]:

'pr=>" 'prg = 'pre 4+ MM (0.31)
ag
27 2 5 2 , 2 s 2 s
DI = *Dioit + *Dioid + DI + DI (0.32)

or in the coordinate-space representation

D (rh|ry) = /d51 D (r)si|ris1) = Z 'D? (r|ry) (0.33)
2D (rirh|rire) = /d51d52 2D (rhs1,Thso|r181, Tosy)

=" 2D3g (xirh|rirs) (0.34)

The diagonal elements D (r1|ry) and 2D (ryra|rirs) are the electron den-
sity and pair density, respectively. The Eq. (0.30) can be rewritten as

FE = Lpppr + 2 DP9 (¢ pq 0.35
' rt
pr

pqrt

0.4 THE NATURAL ORBITAL FUNCTIONAL (NOF)

Let us replace the last term in Eq. (0.1), which is an explicit functional of
the 2-RDM, by an unknown functional of the 1-RDM:

E[N,'D] =h[N,'D] + V.. [N,' D] (0.36)
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h [N,! D] is the contribution from the kinetic energy and the external po-
tential,
h[N'D]=>" 'Djhf (0.37)
ik
while the electron-electron repulsion energy V., [N . D] constitutes an univer-
sal functional in the sense that it is invariant from one molecule to another for
a given N, and hence it is independent of the external field. The constrained-
search formalism [43] provides a proof by construction of the existence of this
functional, in other words, it is given by the expression

Vee [N'D] =, min U [N*D] (0.38)

where

U[N?D] = /dxldXQ 2D (x1,Xa[x1,%2) 115 = Y D (kllij)  (0.39)
ijkl

The notation *D ('D) indicates the family of 2-RDMs which contract to
the 1-RDM in agreement with Eq. (0.14). Restricting the 2-RDM in Eq.
(0.38) to be pure or ensemble N-representable yields the universal functionals
of Levy [10] and Valone [19], respectively.

The properties of the universal functional V.. are well-known [11, 12, 13].
Moreover, the exact 1-RDM functional for the two-electron closed-shell sys-
tems like Hy or He is known too [76, 77]. However, V.. is highly difficult
to approximate because what we have done is just to change the variational
unknown from the 2-RDM to the 1-RDM, but the 2-RDM N-representability
problems remain as reveals explicitly Eq. (0.38).

The 1-RDM can be diagonalized by a unitary transformation of the spin-
orbitals {¢; (x)} with the eigenvectors being the natural spin-orbitals (NSOs)
and the eigenvalues {n;} representing the ONs of the latter,

"D =nidy, "D (xi|x1) = nid} (x}) ¢i (x1) (0.40)
Restriction of the ONs {n;} to the range 0 < n; < 1 represents a neces-
sary and sufficient condition for N-representability of the 1-RDM [1]. In the

following, all representations used are assumed to refer to the basis of NSOs.
The NO energy functional (0.36) reads

E[N,{ni},{¢: (x)}] = anhi + Vee [N, {ni}, {i (%) }] (0.41)

We may conclude that the 1-RDM and the functional N-representability
problems are entirely different. The former is trivial solved since ONs sum
up to the number of electrons N and lie between 0 and 1 assure an N-
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representable 1-RDM. The latter refers to the conditions that guarantee the
one-to-one correspondence between F [N 2 D] and F [N 1 D}, which is a re-
lated problem to the N-representability of the 2-RDM. Consequently, any ap-
proximation for Ve, [N, {n;},{®; (x)}] must comply at least with the known
necessary conditions for the N-representability of the 2-RDM.

0.5 THE EULER EQUATIONS

Minimization of the functional (0.41) has to be performed under the ortho-
normality requirement (0.4) for the NSOs whereas the ONs conform to the
N-representability conditions for 'D. Bounds on the ONs are enforced by set-
ting n; = cos? y; and varying 7; without constraints. The other two conditions
may be easily taken into account by the method of Lagrange multipliers.

Associate the Lagrange multiplier x (chemical potential) with the normal-
ization condition (0.6), the set of Hermitian-Lagrange multipliers {A}} with
orthonormality constraints (0.4), and define the auxiliary functional Q by the
formula

QN {vi} {oixX)}=FE—pn <ZCOS2 Vi — N) - ZM@ ((pr| i) — 6F)
7 ik

(0.42)
The functional (0.42) has to be stationary with respect to variations in

{i ()}, {9} (x)} and {:}
0 = Zbln 27;) {u n ]d’yl#-Z/dxé(b [5¢*( ] zk:)\fqﬁk (x)

—I—Z/dx 6¢> Z)\ ]5@( )=0 (0.43)

The partial derivative (OFE/0n;) is taken holding the orbitals fixed. It
satisfies the relation

oF i Vee
P hi + an, W (0.44)

For a fixed set of occupations, the orbital Euler equations are

= Z Mg (x) (0.45)
k

where

(0.46)
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Considering the orthonormality conditions (0.4), the elements of the Lan-
grangian A read

XF = Vini = hfni + (g7)" (A =h'D+ gT) (0.47)

where the matrix g posses the elements

k — X OVee i (x
ot = [ a0 (0.45)

A complex conjugated set of equations to (0.45) results for {¢I (x)}. Si-
multaneous solution of Eqs. (0.44)-(0.46) yields the optimum bound on the
ground-state energy.

0.5.1 The Gilbert nonlocal potential
By making use of the Gilbert formal identity [15],

6Vee
¢ (x)

we may write the orbital Euler equations (0.45) in a convenient form:

= ni; (%) Dee (%) (0.49)

n; |h (X) 4 Dee (x)] o; (x) = n P (x) ¢ (x) = Z Mooy (x) (0.50)

k

or in matrix representation
Fpg =M, FF = \ep? (F ID=) F=)\ (1D)_1> (0.51)

in which all matrices are Hermitean for a stationary state. Since the product
of two Hermitian matrices is itself Hermitian if and only if they commute, it
follows that the Hermiticity of A and Eq. (0.51) are together equivalent to
the commutation relations

[F,'D] =0, [\'D]=0 (0.52)

This implies that the 1-RDM and the Langrangian, A\, may be simultane-
ously brought to diagonal form by the same unitary transformation U, from
which follows

[ (%) + Bee (%)] 01 (%) = im0 (x) = 2365 (x) (0.53)

The canonical orbitals thus satisfy concomitantly Eqs. (0.44) and (0.53),
so we then have oV N

)i = Hy  Ei= = 0.54

(v = G5, e 0 (0.51)
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Assuming Eq. (0.49), this result shows that for canonical NSOs the op-
erator F has an essentially degenerate eigenvalue spectrum, i.e., all the NO
eigenvalues are the same (1), and are equal to minus the vertical IP [84]. Un-
fortunately, apart from the special case of the HF energy that may be viewed
as the simplest 1-RDM functional, none of the currently known functionals
(including the exact functional for the total energy in two-electron closed-shell
systems) have effective potentials which satisfy the formal relation (0.49).

0.5.2 Relation with the extended Koopman’s theorem

At present, the most known NOFs are defined in terms of NOs and ONs being
only implicitly dependent on the 1-RDM. In this case, the energy functional
still depends explicitly on the 2-RDM. As it was pointed out by Donnelly
[18], there is a fundamental difference between energy functionals based ex-
plicitly on 1- and on 2-RDMs. The Eq. (0.45) for the optimum orbitals is
actually the Lowdin’s equation [82]. This equation cannot be reduced to an
eigenvalue problem diagonalizing the matrix A, although by slight manipula-
tion the operator V (x) can be transformed into a Hermitian operator with a
nondegenerate spectrum of eigenvalues v . Such construction is provided by
the extension of Koopmans’ theorem [32, 33].

The equation for the EKT for ionization potentials may be derived by
expressing the wavefunction of the (N — 1)-electron system as a simple linear

combination
ey =Y Cia o) (0.55)

In Eq. (0.55), @; is the annihilation operator for an electron in orbital i,
| @) is the wavefunction of the N-electron system, [¥V=1) is the wavefunc-
tion of the (N — 1)-electron system and {C;} are a set of coefficients to be
determined. Optimizing the energy of the state UV ~! with respect to the
parameters {C;} and subtracting the energy of UV gives the EKT equations
as a generalized eigenvalue problem,

TC =v 'DC (0.56)

where v are the EKT ionization potentials. In Eq. (0.56), the metric matrix is
'D with the ONs {n;} along the diagonal and zeros in off-diagonal elements,
and the transition matrix elements are given by

1= 0[] [97) =~ (257 i) = v
jlm

(0.57)
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Eq. (0.56) can be transformed by canonical orthonormalization using
(1D)_1/ ®. With this transformation it can be written as

T'C' = vC' (0.58)

It is now clear from Eqs. (0.47) and (0.57) that the diagonalization of the
matrix v with the elements

yields ionization potentials as eigenvalues [18, 72].

0.5.3 The Pernal nonlocal potential

Let’s return to the problem of finding the optimal nonlocal potential U, that
the one-electron functions {¢; (x)} resulting from solving the eigenproblem

F ()65 (0 = [B () + e (9] 61 (%) = 2063 (x) (0.60)

satisfy the set of Euler equations (0.45).
Since the energy is real, the Langrangian A is a Hermitian matrix at the
extremun,

M—(A) =0  (A==0) (0.61)
From Eq. (0.61), by using Eq. (0.47), it follows without difficulty that
(ni =) b+ (91) —9f =0 ([h,'D] +g" —g=0) (0.62)
This equation can be rewritten as a commutator between F and 'D,
[F,'D] = [h+v.,'D] =0 (0.63)
if we define the nonlocal potential matrix v.. by the commutation relation,

(ni — Tl,k) (’Uee);C = (gi)* - gf (['Ueeal D] = ng - g) (064)

According to Eq. (0.63), the 1-RDM and the generalized Fockian F com-
mute at the extremum hence the NSOs are the solutions of the eigenproblem
(0.60) with the nonlocal potential defined by the identity (0.64). One should
note however that Eq. (0.64) does not completely define v... In fact, the
diagonal elements (Uee)ﬁ and the elements (vee)f corresponding to orbitals of
equal ONs (n; = ng) may be arbitrary.
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On the other hand, the Eq. (0.44) must be also satisfy by the optimal set
of the NOs suggesting to define the diagonal elements of .. by the formula

'_a‘/ee

('Uee)i - anL

(0.65)

This selection implies that ¢; = p for the optimal 1-RDM [compare with
the Eq. (0.54)]. The Fockian matrix elements are as follows:

aVee I_Jk 6‘/66 5Vee
R = st 120 [l o0 52 6:(x)| (0.60)

on; ni — ng or (x) 0ok (%)

In this manner, we have arrived at the Pernal nonlocal potential [81]. It
can be shown, using the invariance of V., with respect to an arbitrary unitary
transformation and its extremal properties [13] or by means of the first-order
perturbation theory applied to the eigenequation of the 1-RDM [81], that the
off-diagonal elements of ¥, may be also derived via the functional derivative

(U )k _ av@e
)i = Bipi

(0.67)

proposed by Gilbert [15].

The other degree of freedom in defining U, related to the degeneracy of
the 1-RDM can be avoided with a proper definition of the diagonal part (Uee)z
(see [81]). As a consequence, the NOs with the same ON are determined only
up to the unitary transformation among them.

We conclude that the problem of finding optimal NOs turns into the iter-
ative diagonalization of Eq. (0.60) with a Fockian matrix (0.66). The cor-
responding eigenfunctions are certainly orthonormal and optimize the total
energy functional (0.41).

0.6 CUMULANT OF THE 2-RDM

The 2-RDM formulation (0.38) allows us to generalize the constrained search
to approximately N-representable sets of 2-RDMs. In order to approximate
the unknown functional V. [N R D}, we use here a reconstructive functional
D ['D], that is, we express the elements 2D} in terms of the 'Dj. We
neglect any explicit dependence of 2D on the NOs themselves because the
energy functional has already a strong dependence on the NOs via the one-
and two-electron integrals.
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The 2-RDM can be partitioned into an antisymmetrized product of the
1-RDMs, which is simply the HF approximation, and a correction 2T to it,
2D =5 ("D 'Di - 'D] D) + T =

n]nl

(o167 - afoi) + 21}
(0.68)

This decomposition of the 2-RDM is well-known from the cumulant theory
(see chapter 4). 2T is the cumulant matrix of the 2-RDM. Since it arises from
interactions in the Hamiltonian, it might also be called the pair correlation
matrix. This definition of correlation differs from the traditional one since
'D is the one-matrix of the correlated system and not that corresponding to
independent particles.

The first two terms on the rhs of Eq. (0.68) together satisfy properties
(0.10)-(0.13) of the 2-RDM. Therefore, the cumulant matrix 2T should satisfy
these relations too. We further see that matrix elements of 2I' are nonvan-
ishing only if all its labels refer to partially occupied NSOs with ON different
from 0 or 1. For a single Slater determinant the cumulant matrix vanishes.

It is important to note that the 2-RDM is not additively separable (exten-
sive), but its cumulant matrix 2T satisfies this essential property. Finally, we
must note that the trace of 2T is of O (N), i.e., it scales linearly with the size
of the system, while the trace of the corresponding 2-RDM is of O (N 2),

™ () =) " 5 M0 (0.69)

i
It can be easily shown from Eqs. (0.24) and (0.25), taking into account the
normalization condition (0.6) for each spin type, that spin components of 2T"
fulfill the following sum rules:

Z TP247 = ng (ng — 1) 6F (0.70)
et = 0.71
> T (0.71)

Using Egs. (0.31), (0.32), (0.40) and (0.68) the energy Eq. (0.35) reads as

1
B= (5 ) 5 30 ) 054 n0)

1
~3 Z (ngng + ngn qt+ Z 2T (rt|pq) (0.72)

pqrt

where J,q = (pqlpq) and K, = (pq|qp) [see Eq. (0.3) with ¢; (x) replaced
by ¢, (r)] are the usual Coulomb and exchange integrals, respectively. 2I'7f
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denotes the spinless cumulant matrix,

27 2 » 2 , 2 B 2 )
R R R VR I 0

Taking into account the sum rule (0.70), the expectation value of 52 is
likewise obtained from Eq. (0.29),

2
o\ N4+ NP (No“— NP § §
(8)y == i1 . ) =S ngnf - S22 (0.74)
p prq

0.6.1 Approximate cumulant

A large number of choices for the cumulant 2T is possible. It has a dependence
of four indices and direct computation with such magnitudes is too expensive
to be applied to large systems. We want to maximize the physical content of
2T to a few number of terms. We express 2T by means of two-index matrices
A and II,

po1
21pPo1,902 __ T 402 PSO1 548502 _ §q 8592 SP SO1
DIgie = — =1 (3207107677 — 016720793 )
ms (1) ms (1) o, o oo o
fﬂfag(;r(;izéégcs_l@ (0.75)

Here mg denotes the sign of the spin projection (it takes two values +1
and -1). By taking into account the cumulant properties, Egs. (0.10)-(0.13)
with 2D replaced by 2T, it can be shown that A must be a real symmetric

matrix (AP71 = AZ79) with no unique diagonal elements whereas IT is a
spin-independent (117§ = II75 = es = Hfg = 1I?) Hermitian matrix [[I? =

(H;)*]. We have the following spin structure for the cumulant matrix,

AP

EgAT = — =17 (976 — 017) (0.76)
AP i

21pa,gB aB r ot

Fﬁafﬁ = —Téff&ff + 7(261‘,1 (0.77)

The sum rule (0.70) and the approximate ansatz (0.76) imply the constraint
> AR =ng (1—n7) (0.78)
q

where the prime indicates that the ¢ = p term is omitted. Analogously, one
obtains using Eqgs. (0.71) and (0.77) the following sum rule

> A =117 (0.79)
q
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By combining Eq. (0.72) with Eqgs. (0.76) and (0.77), one arrives at the
energy expression

1 ~
E= Z (ng +nl) Wt + 52 [(ng +nf) (ng +nl) - Ag} Jpq
P Pq
1 n
3 > [(”3”5 +ngny) — (Nég + Aé’g)} Kpg+ Y IELY (0.80)
pq o

where Ag denotes the spinless A matrix,
AP — pa B
AP = AP 4+ APS L APE 4 AP (0.81)

The new integral L}, = (rr|pp) arises from the correlation between particles
with opposite spins and may be called the exchange and time-inversion integral
[53]. In fact, one may obtain it as follows

L= / B 102 (1) (1)) [0 (2) B (52)] " 02 (1) c (51) 0 (22) B (s2) =
T12

*

[0 o a0l [T () (s2)] T(2) P (1) (s1) 5 (12) (52

or, equivalently,

Ly = (rrlpp) = (re 18] 13 1p,pB) = {rapal T (2) ri2 T (2) Pis [ra, pa)
(0.82)
where P12 operator permutes electrons 1 and 2, and the time-inversion an-
tiunitary operator I changes a ket vector into bra vector and «(8) into 8(«),
i.e.,

Tlpa) = (pBl,  T|pB) =~ (pal (0.83)

Note that if A‘Zg, = 0 and IIZ = 0, then the reconstruction proposed here
yields the HF case as expected.

Similarly, combining Eq. (0.74) with Eqgs. (0.76), (0.77) and (0.78) one
arrives at the average total spin

o\ N4 NP (N®— NP)’
<52> a 2 + 4
+y (Agg - ngnf,) I i (0.84)
p p

In Eq. (0.84), the a- and S-dependences of Hgg have been retained only
to emphasize that it is related to these SOs. We recall that IT is a spin-
independent matrix as a consequence of the antisymmetric properties of cu-
mulant 2T,
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0.7 RESTRICTED CLOSED-SHELL NOF

So far in this chapter we have discussed the NOF theory in terms of general
set of SOs {¢; (x)} or in terms of restricted SOs, which are constrained to
have the same spatial function {¢, (r)} for o and S spin functions. In this
section we are concerned only with closed-shell systems. Our molecules are
thus allowed to have only an even number of electrons, with all electrons
paired such that the spatial orbitals are doubly occupied. In this case of spin
compensated systems, the two non-zero blocks of the 1-RDM are the same
(DS = 'DY), ie,

ng =nl =n, (0.85)

The trace of the one-matrix (0.6) becomes

N
> mp=N*=NP= o) (0.86)
p
and from Eq. (0.20) follows that
~ No — NB
<Sz> e (0.87)

For singlet states, the first and the last blocks of the 2-RDM are also equal
(Do = 2Dgg), so hereafter we deal only with 2D2% and zng. We assume
further that AP = APS = APS = Agg = AP. For convenient purposes as
we see below, we define the matrix Il in terms of a new spin-independent
Hermitian matrix A:

II? = n,n, — AP — AP (0.88)
Combining both sum rules (0.78) and (0.79) with Eq. (0.88) results in
> AE =mn, (1-ny) (0.89)
q
2AD + AP =202 —n,, (0.90)

Taking into account Eq. (0.80), the closed-shell energy can be expressed as

E=2Y nphb+ Y (ngny — AD) (20pg — Kpg + LL) = > ALy (0.91)
P pq pr
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0.7.1 Two-electron systems

NOF theory provides an exact energy functional for two-electron systems
[76, 77]. In the weak correlation limit, the total energy is given by

E=2 anhg +ni L] —2 Z VL, + Z Ve Ly (0.92)

p=1 p=2 p,r=2

As can be seen from Eq. (0.92), the dependence of the 2-RDM on the ONs
requires a distinction between spatial orbitals.

Since 2D = ( for N = 2, one easily deduces from Egs. (0.68) and (0.76)
that AP = n,n,. Consequently, it is not difficult to see from Eqgs. (0.68), (0.77)

and (0.88) that QDZg nonzero elements have the form Zngffg = —AP/2.
Thus, the total energy (0.91) turns into
E=2) n,ht -y A’L; (0.93)
P pr

From the requirement that for any two-electron system the expression
(0.93) should yield Eq. (0.92), one has to set

AP = —npdP + (1= 87) [1 — 20 (0.5 — n,) 0 (0.5 — n,)] /7ortp (0.94)

where 6 (x) is the unit step function also known as the Heaviside function.

It is worth noting that the chosen A and A satisfy the constraints (0.78)
and (0.90). Moreover, the expression (0.94) also helds true for systems where
the largest occupation deviates significantly from one, indicating that it may
be possibly valid for arbitrary correlation strengths [76].

0.7.2 N-electron systems

Let us assume the functional form (0.94) for the matrix A in the general case
of N-electron systems. This assumption and the equality (0.90), affords

AP =—n,, AP =n’ (0.95)

p
p p

or, equivalently,
AP?, = —\[ngng’ = —n,, ALY, =ning =n] (0.96)
By taking into account Eq. (0.96), last two terms in Eq. (0.84) are found
AP _popf) =0 e = (0.97)
Z p3 ~ plp ) T Z P8 T :

p p

which leads to the exact result <$%>= 0 for singlet states 2S+1=1).
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Very different functional form is expected for A in molecules with more
than two electrons. Without any calculations it is clear that Hs is atypical,
since 2D%¢ vanishes for this system. AP =nyny, (q # p), taken from the N = 2
case, violates the sum rule (0.89) in the general case of N > 2. This means that
the functional form of nondiagonal elements of A is unknown for N-electron
systems, as yet. Nevertheless, some constraints can be achieved for these
quantities using known necessary conditions of 2-RDM N-representability.

The mentioned above positivity conditions state that the 2-RDM 2D, the
electron-hole density matrix G, and the two-hole density matrix Q must be
positive semidefinite. A matrix is positive semidefinite if and only if all of its
eigenvalues are nonnegative. The solution of the corresponding eigenproblems
is readily carried out [73]. For 2D, it yields the following set of eigenvalues:

d= {0, ngn, — AL, % (nqnp—A’;)}, q#Dp (0.98)

There is also a single R x R block of the spin component ng,g , which
has elements equal to II2 /2. Accordingly, we have analytic expressions for all
eigenvalues of 2D, except those arising from the single R x R block. Con-
sequently, our reconstructive functional satisfies the D-condition (d > 0) if
AP < ngn, and the R x R block is positive.

Considering that Q has the same block structure as 2D, one obtains anal-
ogously that if one takes A? < (1 —ng) (1 —mn,), and the R x R block of ng
is positive, the Q-condition is fulfilled. Consequently, D-condition is more
restrictive than Q-condition between orbitals with ONs close to zero, whereas
for A-elements between orbitals with ONs close to one, the Q-condition is
predominant.

The spin component G&& contains a single block R x R, for which the
eigenvalues have no analytic expression, and 1 x 1 blocks. The latter blocks
have nonnegative eigenvalues if AP > n;, (n, —1). This inequality is easy to
satisfy on the domain of allowed ONs (n, < 1) if we consider nonnegative Al.

The opposite spin component consists entirely of 1 x 1 blocks Ggg:gg =0,
and 2 x 2 blocks which afford the eigenvalues

ng+mn, AF—ngmn 1 2
gy =Mt SR 2 g =) 4 gy — AF — AD?(0.99)

In order to ensure that gg > 0, the expression (0.99) gives rise to the
inequality
2
NgNp — (AZ)

AP <ngnp + —5————
> P
4 2A —ng —ny

=ngn, (0.100)

Concluding, to satisfy the known necessary N-representability conditions
for the 2-RDM, the matrix elements of A has to conform the following analytic
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constraints:

AP <ngn,, AP <(1—-ng)(1—mny,), AL >n,(ng—1), ¢#p (0.101)

0.7.3 Effective one-electron operator

The best NSOs are those which minimize the electronic energy subject to
orthonormality constraints (0.4), and hence satisfy Lowdin’s Egs. (0.45)-
(0.46). For the energy functional (0.91), these equations become into the
spatial orbital Euler equations

an (r1) ¢p (r1) Z Ap@r (r1) (0.102)
where
VP (r1) = h(r1) + 0 (r1) (0.103)
AP ~ ~ ~

@\p(rl) :Z’ Ng — nq> |:2Jq (I‘l)—K (I‘l)—|—Lq (I‘l)]

7 P

AP
=Y L) (0.104)

7
Ty (r1) = /dfstZ (r2) 715 @q (r2) (0.105)
Ry () = [ dragy (r2) i Prag, (v2) (0.106)
L I'1 /dI‘Q(pq I‘Q) 7”12 I (2) P12<pq (1‘2) (0107)

where jq (r1) and [A(q (r1) are the usual Coulomb and exchange operators, re-
spectively, whereas Zq (r1) is the exchange and time-inversion operator [53].
Here, T (2) becomes just into the complex conjugate operator. It is important
to note that the operator V? (ry) does not fulfill the Gilbert relation (0.49).
Consequently, Eq. (0.102) cannot be reduced to an eigenvalue problem diag-
onalizing the matrix .

On the other hand, the one-electron functions {¢, (r)} that satisfy the set
of Eq. (0.102) may be obtained from solving the eigenproblem (0.60) with the
Fockian matrix [see Eq. (0.66)]

F) = hy + (vee),, (0.108)
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where the nonlocal potential matrix elements are

ey = 95y = e (1) (1) - Wy () (0.109)
ee)p = anp D ’I’Lp —n, QDT P T 9017 .
V.. OAP
OAP QAP LI+ LP
/ . q q p  q
+§q: <nq Ony 8”})) < 2 ) o1

Let us assume that the set of spatial orbitals {¢, (r)} is real, then Lf =
LY = Kjpq, which allows Egs. (0.104) and (0.110) to be further simplified,
yielding

~ AP\ ~
W (r)=Jp(r)+2> <nq - nq> Jg(r) = > 'APK, (r) (0.112)
q P q
ov. OAP OAP
= 2 ! I —— - 1K 11
an, Jpp + ; <”q on, > Jpq ; on, pq (0.113)

The closed-shell energy (0.91) for real orbitals can be rewritten as

E=>Y (205 + Jpp)np +2) " (ngny — AP) Jpg = > 'APK,,  (0.114)
p rq pq

0.8 RESTRICTED OPEN-SHELL NOF

We consider now situations in which a molecule has one or more unpaired
electrons, hence we may have spin-polarized systems. The spatial orbitals are
thus divided into two categories. Namely, those which are double occupied
with two electrons of opposite spin (ng and nl), called closed shells (cl), and

singly occupied (n2 or n?), called open shells (op). We assume further spin-
independent ONs. All electron spins corresponding to the closed shell part
are then paired (ng‘ = ng = n,) and thus they are coupled as a pure singlet.
By the help of the following result [last term in Eq. (0.84)]

cl
SIS =3 "\ngng =Y n, = % (0.115)
p p p
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it is easily to calculate [see Eqgs. (0.20) and (0.84)] the expectation values for

A,

spin operators S, and S2, in particular,

v e —pf Ne _ NP
_ P p op op
<SZ> D I (0.116)
p

. N /N NB [NE 1
<52> -z < 2+ 1> + =" ( 57+ 1) — 5 NoNG, (0.117)

The situation here is completely analogous to that obtained in the restricted
open HF theory (ROHF). The states are not eigenfunctions of S, except when
all the open-shell electrons have parallel spins (Ng, = 0 or N5, = 0). This
result is a consequence of the expansion (0.22) used to obtain Eq. (0.27).
Actually, the spin decomposition (0.22) for 2D does not conserve in gen-
eral the total spin S. However, we can form appropriate linear combinations

of two-electron spin functions {07(12)(5/1,8/2‘81,82)} which are simultaneously
eigenfunctions of S, and 52, and achieve a correct spin decomposition of the
2-RDM [85],
6
2D (x},x5[x1,%2) = > *D" (r],rhr1,r5) 0l (8], sh[s1, ) (0.118)

n=1

where, for example,
1
oP(s), shls1,s2) = 5 la"a’aa + 57665 +a” " + f%a"Ba]  (0.119)

Afterward, we have to find approximations for 2-RDM spin-components
{?D"}.
Let us now focus on high-spin cases only, such as doublet, triplet, quartet
. spins for one, two, three ... unpaired electrons outside the closed shells.
Accordingly, singly occupied orbitals will always have the same spin (N, op =0
or pr = 0) so the trace of the one-matrix (0.6) becomes

cl op
2> "n,+> ny=Na+Ny=N (0.120)
p p
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In fact, the value of N,, is determined by the conservation of the spin, so
we have two constraints

1 & 1

5 >, = 5 Nep =8 (0.121)
p
cl

2 an =N, =N-28 (0.122)
P

where S is the quantum number describing the total spin of the N-electron
high-spin coupled multiplet state.

We assume further that the ON of the open shell p is always one (n, = 1).
This assumption is trivial for a doublet, but it is more restrictive for higher
multiplet with a corresponding underestimation of the energy. It should be
reminded that matrix elements of 2I' are nonvanishing only if all its labels
refer to partially occupied NOs therefore A = 0 and IT = 0 if we consider
a cumulant made up of at least one open-shell level. Since A and II refer
only to closed shells, we consider them spin-independent. The sum rule (0.89)
becomes

cl
> AE =n, (1-ny) (0.123)
q

and the energy expression (0.80) for such a system is

cl

cl cl
E=Y (20 + Jyp)np +2) " (ngny — AP) Jpg = > ALK,
p rq prq
cl op

op op
1
+ Z Z”p (2Jpq — Kpq) + Z hpp + 5 Z (Jpq — Kpq) (0.124)
P g P pq

where we have considered real orbitals (L) = Kj,).

0.9 PRACTICAL NOF

Electronic structure computations would be greatly simplified by the finding of
practical NOFs. One may attempt to approximate the unknown off-diagonal
elements of A considering the sum rule (0.89) and analytic constraints (0.101)
imposed by the D-; G- and Q-conditions. However, it is not evident how to
approach AF, for p # g, in terms of the ONs. Due to this fact, let’s rewrite
the energy term which involves A as

S AR => Jn Y AD (0.125)
Pq p q
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where J; denotes the mean value of the Coulomb interactions Jp, for a given
orbital p taking over all orbitals ¢ # p. From the property shown in Eq. (0.89)
follows immediately

S ARy =y (L—my) J; (0.126)
p

Prq

Inserting this expression into Eq. (0.114), one obtains

B = Z (2nph5 + anpz)) + Z/ (2ngnpTpq — Af;qu)
Pq

+ ) (L =mp) (Jp — 275) (0.127)

A further simplification is accomplished by setting J; ~ J,,/2, which pro-
duces

E =" (20,08 + n2dy) + > (2ngnpdpg — APK,) (0.128)

p pq

The high-spin open-shell energy expression can be obtained in completely
similar manner from Eq. (0.124),

cl cl
E°P = Z (2nphp, + npJpp) + Z/ (2ngnpJpg — AGKpg)
- Pq

cl op

op op
1
+ Z Z Ny (2Jpg — Kpg) + Z hpp + 5 Z (Jpq — Kpq) (0.129)
P g P

rq

We have thus arrived at an approximate NOF which coincides with the self-
interaction-corrected Hartree functional proposed by Goedecker and Umrigar
except for the choice of phases given by the sign of (A}). Unfortunately, this
NOF gives a wrong description of the ONs for the lowest occupied orbitals.
In order to ensure that these ONs only are close to unity we propose to add
a new term to the functional form (0.94) of matrix A, namely,

AP = —npd? + (1 - 67) [1 — 20 (0.5 — 1) 0 (0.5 — n,)] \/7ir7iy
+ (1= 826 (n, —0.5)8(n, — 0.5)/(1—n,) (1 —ny) (0.130)

0.10 NUMERICAL IMPLEMENTATION

In section 4, we have obtained the Euler equations (0.44)-(0.46) which yield
the optimum bound on the ground-state energy. Usually, the simultaneous
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solution of these equations is established with an embedded loop algorithm.
In the inner loop we look for the optimal ONs for a given set of orbitals
fulfilling Eq. (0.44), whereas in the outer loop we optimize the NOs under the
orthonormality condition for fixed ONs. We recall that bounds on the ONs
are enforced by setting n; = cos? ;.

An important task in NOF theory is to find an efficient procedure for
carrying out the orbital optimization. Direct minimization has been proven
[44, 47, 76] to be a costly method. First, there are directions at the energy
minima with very low curvature associated with the high-energy NOs. The
latter have very small ONs and hence give very small contribution to the
energy. There is also a need for other starting orbitals that are closer to the
optimized ones than are the HF orbitals, which are poor initial guesses in this
iterative procedure, and lead to lengthy orbital optimizations. Finally, and
most critically, is that the NO coefficient matrix must be reorthogonalized
during the course of the optimization which is the rate-limiting step.

The one-electron equations (0.60) offer a new possibility for finding the
optimal NSOs by iterative diagonalization of the Fockian (0.66). The main
advantage of this method is that the resulting orbitals are automatically or-
thogonal. The first calculations based on this diagonalization technique has
confirmed its practical value [81].

0.11 RESULTS

The study of different properties provides a measure of accuracy that can be
employed in testing approximate functionals. In this section, we just quote
some relevant results for selected molecules. Both the inner- and outer-loop
optimizations were implemented using a sequential quadratic programming
(SQP) method [86] which, computationally speaking, is a very demanding
algorithm. Accordingly, we have chosen Pople medium-size basis sets [87]
for the calculations and we have compared our results with the results using
other methods at the same level. Among the approaches compared are the
coupled cluster technique including all single and double excitations and a
perturbational estimate of the connected triple excitations [CCSD(T)], as well
as the Becke-3-Lee-Yang-Parr (B3LYP) density functional [88]. The CC and
B3LYP values were calculated with the GAUSSIAN system of programs [89],
using the basis set keyword 5D.

0.11.1 Energetics

In Table I and IT we report the values obtained for the total energies employing
the experimental geometry [90].

[ TABLEI |
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A survey of these Tables reveals that NOF values are more like CCSD(T)
calculations, which are very accurate results for the basis-set correlation en-
ergies on these small molecules. The B3LYP values, as is well known, tend to
be too low. We note that the percentage of the correlation energy obtained by
CCSD(T) decreases as the number of electrons increases, whereas our func-
tional keeps giving a slightly larger portion of the correlation energy (e.g. Po,
SO,, Cly).

[ TABLE II |

The EKT provides an alternative assessment for approximate NOFs which
is not directly related to total energy values. Table III lists the obtained
vertical IPs with our practical NOF using EKT together with Koopmans’
theorem (KT) IPs and experimental values. All values were calculated at
experimental geometries of neutral molecules given in Ref. [90].

[ TABLE III |

KT states that the IP is given by the HF orbital energy with opposite
sign (—¢;), calculated in the neutral system. It has long recognized that
in general there is an excellent agreement between the KT values and the
experimental ones because of the fortuitous cancellation of the correlation and
orbital relaxation effects. A survey of Table III reveals that KT consistently
overestimates the first IPs except for Ps.

The prevailing trend is that the values decrease in moving from KT to
NOF-EKT, and then from NOF-EKT to experimental data. Conversely, in
case of Py, the first IP increases in moving from KT to NOF-EKT, and then
from NOF-EKT to experimental value. For HCI molecule, the NOF-EKT first
IP is smaller than KT and experimental values. Generally, the NOF-EKT first
IPs move closer to experimental data.

Table IIT lists also higher IPs calculated via KT and NOF-EKT methods.
In general, the NOF-EKT and KT results are systematically larger than the
experimental values. The behavior of higher IPs is quite similar to that for the
first IP results, discussed previously. For most molecular orbitals, NOF-EKT
values are smaller than KT and greater than the experimental data. There
are molecular orbitals, for example, orbital = for CO and orbital b; for HoCO,
with NOF-EKT values greater than KT and the experimental data. The
exception is Py, for which the NOF-EKT o IP is decreased. The agreement
of NOF-EKT and KT IPs with the experimental values is less precise for
inner valence molecular orbitals, but again the NOF-EKT IPs move closer to
experimental data.

An Important case is the Np molecule. It is well-known that the KT o, and
m, IPs are in the wrong order for this molecule. NOF-EKT calculations on
N5 give valence shell IPs which are in correct order, and in general a numerical
improvement is obtained over KT IPs. In case of the orbital m, for Ny, the
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KT IPs is closer to experimental data but due to the mentioned wrong order-
ing. The results are in good agreement with the corresponding experimental
vertical IPs considering the small basis sets used for these calculations.

Electron affinities (EAs) are considerably more difficult to calculate than
IPs. For example, EAs are much more sensitive to the basis set than the
corresponding IPs. The EKT provides also the means for calculation of these
magnitudes, but unfortunately EKT-EA description is often very poor. On
the other hand, vertical EAs can be calculated by the energy difference for
neutral molecules (M) and negative ions (M~): E(M°) — E(M™) at near-
experimental geometries of MY. Table IV lists the obtained vertical EAs for
selected open-shell molecules.

[ TABLE 1V |

As can be seen, generally all electron affinities predicted by ASCF are
negative, indicating a more stable neutral system with respect to the anion.
The inclusion of correlation via CCSD(T) and NOF approximates them to the
available adiabatic experimental EAs, accordingly with the expected trend.
The EAs tend to increase in moving from ACCSD(T) to ANOF and then from
ANOF to the experiment. It should be noted that NH anion is predicted to
be unbound by CCSD(T), whereas the positive vertical EA value via NOF
corresponds to bound anionic state.

For OH and SH, the NOF EAs are larger than the experimental values.
This trend is due to the expected underestimation of the correlation energy
for open-shell states within our approach. In fact, we fix the unpaired electron
in the corresponding HF higher-occupied molecular orbital (HOMO) of the
neutral molecule, and then this level does not participate in the correlation.
Note that for these molecules the total spin of the neutral molecule is greater
than the total spin of the anion (Sx>S4). The underestimation of the total
energy is for neutral molecules larger than for anions and therefore the NOF
vertical EAs are overestimated.

Comparison with experimental results show that vertical NOF-EAs are
better than those predicted by the CCSD(T) method within the 6-31+4G**
basis set.

0.11.2 Dipole Moment

The dipole moments (DMs), different from zero, obtained using HF, CCSD(T)
and NOF methods are presented in Table V. For comparison, we have also
included into this Table the available experimental data [90].

[ TABLE V |

The correlated dipole moments tend to be lower compared to HF DMs. An
exception to this trend is noticed in the case of CHy, where the CCSD(T)
DM is predicted to be higher than the HF value. Important cases are the CO
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and N5O molecules for which the HF approximation gives a DM in the wrong
direction, whereas correlation methods approach it to the experimental value.
The quality of the NOs is critical for the accuracy of NOF theory. For example,
in the case of CO molecule, we achieved the sign inversion of the DM after
improving further the basis sets. The DMs obtained with the NOF method
are in good agreement with the available experimental data considering the
basis sets (6-31G**) used for these calculations.

0.11.3 Equilibrium geometries and vibrational frequencies

We have employed the non-gradient geometry optimization to determine the
equilibrium bond distances (r.). For each molecule, we have calculated the
total energy U(r) at a dense grid of bond distances r, separated from each
other by 1072 A. The harmonic vibrational frequencies (w.) were determined
from the second derivatives of the energy with respect to the nuclear positions.
The equilibrium force constants k. = U"”(r.) were obtained from least squares
fits of the energy to a second-order polynomial in the distances,

U(r) =U(re) + %k (r—re)? (0.131)

Table VI lists the equilibrium geometries for the selected closed-shell di-
atomic molecules. It has long been recognized that the HF method gives
reduced bond lengths. From Table VI we see that the correlated bond lengths
are mostly longer than the experimental values. Exceptions are the bond
distances predicted by CCD and NOF methods for HCI molecule.

[ TABLE VI |

The values of the harmonic vibrational frequencies for the selected set of
molecules are presented in Table VII. The expected trends of this property
with respect to experiment are well reproduced. The HF results are sys-
tematically larger and the correlated vibrational frequencies move closer to
experimental data. By both correlated methods, the experimental frequen-
cies are still overestimated, except for the HCI molecule, for which the NOF
frequency is lower than the experimental value.

[ TABLE VII ]

The performance of our practical NOF to predict equilibrium bond dis-
tances and vibrational frequencies is similar to CCD.
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TABLE I. Closed-shell total energies in Hartrees. (6-31G**)

Molecule HF“ CCSD(T)® NOF* B3LYP?
FH -100.009834 -100.198698 -100.178202 -100.425817
H,O -76.022615 -76.228954 -76.207940 -76.417892
NH; -56.194962 -56.399981 -56.378970 -56.556343
CO -112.736756 -113.032821 -113.020010 -113.306694
HNO -129.783338 -130.149630 -130.185528 -130.467334

H,CO -113.867947 -114.202886 -114.208902 -114.500848
HCl -460.066040 -460.224196 -460.262033 -460.800097
PH; -342.452229 -342.605974 -342.635555 -343.142663
BeS -412.103398 -412.284575 -412.310091 -412.894462
N5O -183.675227 -184.203202 -184.233374 -184.656028
O3 -224.242821 -224.867269 -224.992524 -225.400708
NaCl -621.397562 -621.546221 -621.586299 -622.556987

P, -681.421021 -681.667624 -681.742405 -682.683866
SO2 -547.165010 -547.686081 -547.805959 -548.579504
Cly -918.908639 -919.198123 -919.345443 -920.341830

@ Hartree-Fock total energies.

b CCSD(T) total energies.

¢ Natural Orbital Functional total energies.

¢ B3LYP total energies.
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TABLE II. Open-shell total energies in Hartrees. (6-31++G**)

XXXV

Molecule HF“ CCSD(T)® NOF* B3LYP?
CH, -38.919309  -39.037939  -38.981051  -39.158525
NH -54.957745  -55.091649  -55.017865  -55.227209
OH -75.388827  -75.555805  -75.501346  -75.739015
MgH -200.135519  -200.169572  -200.163233 -200.632922
SH -398.064176  -398.195038 -398.192977 -398.745129

@ Hartree-Fock total energies.

> CCSD(T) total energies.

¢ Natural Orbital Functional total energies.
¢ B3LYP total energies.
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TABLE III. Vertical ionization potentials in eV. (6-31G**)

Molecule MO KT NOF-EKT? Exp®
FH T 17.06 16.82 16.19
o 20.23 19.99 19.90
H,O by 13.53 13.08 12.78
ar 15.56 15.54 14.83
by 19.10 18.93 18.72
NH; ay 11.44 11.05 10.80
e 16.87 16.93 16.80
CcO o 14.90 14.59 14.01
T 17.22 17.28 16.85
o 21.67 21.58 19.78
N, o, 17.13 16.74 15.60
T 16.63 17.14 16.68
Ou 21.11 20.96 18.78
H,CO by 11.87 11.54 10.90
by 14.46 14.63 14.50
aq 17.58 17.44 16.10
by 18.72 18.40 17.00
HCl T 12.93 12.51 12.77¢
o 17.00 16.73 16.60¢
o 30.42 26.57 25.80¢
P, T 10.14 10.39 10.65¢
oy 11.14 10.63 10.84¢

a HF

—c3

FiiN
b Natural orbital functional vertical ionization potentials obtained from the
extended Koopmans’ theorem.
¢ Experimental vertical ionization potentials from Ref. [91].
4 Experimental vertical ionization potential for HCI from Ref. [92].
¢ Experimental vertical ionization potential for Po from Ref. [93].
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TABLE IV. Vertical electron affinities in eV. (6-314++G**)

Molecule S5 S% ASCF¢  ACCSD(T)? ANOF*® Exp’/
CH, 1 ] -3.577 -2.028 -0.091 0.652 (0.006)
NH 1 % -1.439 -0.219 0.113 0.370 (0.004)
OH 1 0 -0.147 1.360 1.830 1.828 (0.001)
MgH i 0 -0.057 0.612 0.976 1.05 (0.06)
SH % 0 1.246 1.774 2.761 2.314 (0.003)

@ Sy: total spin of the neutral molecule.

b Sx: total spin of the anion.

¢ ASCF= Egy (MO) — Fyr (M_)

4 ACCSD(T)= Ec¢csp(r)(M?) — Eccsp(r)(M7).

¢ ANOF= ENOF(MO) — ENOF(M_).

f Experimental adiabatic electron affinities from Ref. [90]. The uncertainty
is shown in parentheses.
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TABLE V. Dipole moments in Debyes. (6-31G**)

Molecule HF“ CCSD(T)® NOF* Exp?
CH, 0.54 0.57 0.51 -
NH 1.73 1.61 1.62 1.39/
OH 1.88 1.77 1.77 1.66
FH 1.98 1.87 1.84 1.82
H,O 2.20 2.09 2.08 1.85
NH; 1.89 1.81 1.76 1.47
CcO 0.33% 0.07 0.03¢ 0.11
MgH 1.41 1.10 1.22 -
SH 1.07 0.97 0.91 0.76
HCl 1.48 1.37 1.30 1.08
HNO 2.02 1.63 1.61 1.67

H,CO 2.75 2.18 2.36 2.33
PH; 0.80 0.80 0.60 0.58
BeS 6.42 4.59 5.38 -
N,O 0.60* 0.07* 0.03 0.17

05 0.78 0.49 0.50 0.53

NaCl 9.39 8.97 9.03 9.0

SO, 2.21 1.78 1.56 1.63

* This value has an opposite sign relative to the experimental value
@ Hartree-Fock dipole moments.

> CCSD(T) dipole moments.

¢ Natural Orbital Functional dipole moments.

4 Experimental dipole moments from Ref. [90].

¢ This value was obtained with 6-311G**

/ Experimental dipole moment for NH from Ref. [94].
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TABLE VI. Equilibrium bond lengths in A. (6-31G**)

Molecule HEF¢ ccoe NOF*° Exp?
FH 0.900 0.920 0.917 0.917
CcO 1.114 1.139 1.132 1.128
HCI 1.265 1.271 1.273 1.275
BeS 1.733 1.744 1.746 1.742
Ny 1.078 1.112 1.099 1.098
Po 1.859 1.905 1.893 1.893

@ Hartree-Fock equilibrium bond lengths.

b CCD equilibrium bond lengths.

¢ Natural Orbital Functional equilibrium bond lengths.
4 Experimental equilibrium bond lengths from Ref. [90].



TABLE VII. Vibrational frequencies in cm~t. (6-31G**)

Molecule HF® CCD? NOF*© Exp?
FH 4500 4213 4216 4138
CcO 2442 2251 2284 2170
HCI 3182 3089 2927 2991
BeS 1069 1045 1047 998
Ny 2761 2433 2544 2359
Py 909 804 814 781

@ Hartree-Fock vibrational frequencies.

b CCD vibrational frequencies.

¢ Natural Orbital Functional vibrational frequencies.
4 Experimental vibrational frequencies from Ref. [90]
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0.12 CONCLUDING REMARKS

!D-functional theory, explicitly given in terms of natural orbitals and their
occupation numbers, has emerged as an alternative method to conventional
approaches for considering the electronic correlation. This chapter has intro-
duced important basic concepts for understanding the NOF formalism. We
have also offered a brief characterization of almost all references concerning
this theory published hitherto.

A free-parameter functional based on a new approach for the two-electron
cumulant has been reviewed. This functional reduces to the exact expression
for the total energy in two-electron systems and to the HF energy for idempo-
tent 1-RDMs. Moreover, it is derived from a rigorous N-representable ansatz
for the 2-RDM.

The mean value theorem provides a prescription for deriving a practical
NOF that yields reasonable correlation energies for molecules. Accurate re-
sults for closed- and open-shell systems are obtained with energy expressions
that only include two-index two-electron integrals. We shall improve this
functional by providing a better approximation for the mean value J; of the
Coulomb interactions. It is highly desirable to develop our restricted open-
shell formulation by appropriately expressing the 2-RDM in two-electron spin
functions which are simultaneously eigenfunctions of S, and S2.

The explicit form derived by Pernal for the effective nonlocal potential al-
lows to establish one-electron equations that may be of great value for the
development of efficient computational methods in NOF theory. Although
recent progress has been made, NOF theory needs to continue its assessment.
Some other essential conditions such as the reproduction of the homogeneous
electron gas should be utilized in the evaluation of approximate implementa-
tions.
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